Bridging Scales and Mathematical
Models with a Generalized
Finite Element Method
T

he Generalized or eXtended FEM [1–7]
by
has been developed and improved for
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University of Illinois at more than two decades and is available in
Urbana-Champaign, USA several mainstream commercial software
caduarte@illinois.edu such as Abaqus, LS-DYNA, OptiStruct,
ANSYS, etc. The GFEM and XFEM are
essentially identical methods: the name
generalized FEM was adopted by Duarte,
Babuska, and Oden in 1995–1998 and the
name extended FEM was coined by
Belytschko and colleagues in 1999–2000 [8].
The acronym GFEM is adopted in this article.
The method removes many of the meshing
requirements of the standard FEM, such as
fitting meshes to crack surfaces or material
interfaces. The generation of these meshes
is not trivial and often requires user intervention when dealing with 3-D crack propagation
or the evolution of material interfaces.
Furthermore, for some classes of problems,
such as those governed by the Helmholtz or
Poisson equation, the GFEM can deliver
accurate solutions using meshes that are
much coarser than those required by the
FEM [9].
The GFEM is an instance of the Partition of
Unity Method [10–13] which is based on two
key ideas: (i) The use of a-priori knowledge
about the solution of a class of problems to
define local approximation spaces; and
(ii) The use of a Partition of Unity (PoU) to
“paste together” these local approximations.
Several families of functions can be used
as the PoU: Lagrangian finite element
shape functions, meshfree functions such
as Shepard and Moving Least Square,
B-splines, etc. In the case of the GFEM,
the PoU is provided by Finite Element
shape functions α, α = 1,...,nn, where nn is
Figure 1:
Computation of a GFEM
shape function.
Function α is the
FE shape function defined
on node α of a FEM mesh.
It provides the PoU for
the GFEM.
Function Eαi is
an enrichment function
assigned to node α
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the number of nodes of an FE mesh. A
GFEM shape function is given by the product
of a basis functions Eαi of a local approximation space and an FE shape function:
αi(x) = α(x)Eαi(x). Figure 1 illustrates the
computation of αi. The basis functions are
often called enrichments. The GFEM has
been popular in solving fracture problems.
Figure 2 shows a GFEM discretization of a
branching crack. The discontinuity across
the crack surface is approximated by enrichment functions instead of a mesh fitting it.
What if A-Priori Analytical Knowledge
is Limited or Not Available?
Analytical a-priori information is available for
many classes of problems, such as Linear
Elastic Fracture Mechanics, cohesive fractures (outside of the fracture process zone),
material interfaces, acoustic wave propagation, etc. However, in most cases, the available analytical information is limited to simple
geometries and physics, for example, 2-D
planar cracks with straight fronts. While this
limited information can still be used when
solving problems with more realistic fracture
geometries, mesh refinement is required to
compensate for the suboptimal enrichments,
as illustrated in Figure 2. For some classes
of problems, however, a-priori information
may not exist at all. Most nonlinear and multiscale problems fall into this category. The
required mesh refinement in this case will be
on par with a standard FEM, negating some
of the attractive features of the method.
This shortcoming of the GFEM, and in fact of
any PoU method, can be removed by adopting numerically computed enrichments,
instead of relying only on analytical information. Most engineering analyses involve
many time or load steps. The idea is then to
use the numerical solution at a simulation
step to define enrichment functions for the
next step. Thus, the enrichment functions are
produced numerically, on-the-fly, instead of
being analytically defined. This allows the
use of coarse meshes while still delivering
accurate approximations and to bring the
benefits of the GFEM to problems that were
beyond the scope of the original method.

Bridging Scales and Mathematical
Models with Global-Local Enrichment
Functions
Numerically defined enrichment functions
are provided by the solution of auxiliary
boundary or initial boundary value problems.
A global-local analysis is then performed,
based on the auxiliary local BVPs and the
original global BVP. The GFEM with this
class of enrichments is denoted as GFEM
with global-local enrichments (GFEMgl) [14,
15]. Figure 3 illustrates the application of the
method to the simulation of a propagating
crack. The solution of the global problem
at a propagation step is used to update the
crack surface and also to provide boundary
conditions for a local problem defined in the
neighborhood of the updated crack front.
The local problem is solved using the best
available numerical method for the quantities
of interest. The solution of the local problem,
uL, is then used to enrich the global mesh
using GFEM shape functions defined by
αi(x) = α(x)uL(x), where α is an FEM
shape function from the global mesh. Away
from the crack front, analytical information
is often available and thus can be used to
define GFEM shape functions, as shown in
Figure 3. The arrows in the figure show the
two-way information transfer between the
global and local problems through boundary
conditions and enrichment functions – the
method accounts for the coupling between
the global and local scales. This is in
contrast with a Global-Local FEM (GL-FEM)
analysis, which is broadly used to solve
problems with multiple scales of interest [16].
In the GL-FEM, the analysis ends at the local
problem – there is no feedback from the local
to the global scale. This often leads to large
approximation errors, while the GFEMgl can
deliver accurate solutions using coarse global
meshes like the one shown in Figure 3.

Figure 2:
GFEM discretization of a
3-D branched crack.
Mesh refinement near
crack fronts is required
for discretization
error control
The GFEMgl offers significant flexibility in the
selection of discretization methods for the
global and local problems, and also in the
choice of mathematical models adopted at
each scale. This is important because the
most appropriate model for phenomena
at the lower scales of a problem is often
too expensive and, in fact, not needed
everywhere in the analysis domain. As an
example, the simulation of crack branching at
the scale of local problems can be modeled
using peridynamics [17] or a phase field
model [18], since these fracture models can
robustly model branching. The peridynamics
or phase field local solution is then used as
an enrichment for the global problem, which
can adopt a more computationally efficient
model, such as the classical elasticity
equations. Another example is the use
of enrichment functions provided by a
computational vademecum, which is
pre-computed off-line based on Proper
Generalized Decompositions [19].

Figure 3:
Solution of a crack
propagation problem
using the GFEM with
global-local enrichments
(GFEMgl). These functions
are computed on-the-fly
as the crack propagates.
Brown spheres (yellow
cubes) indicate nodes
enriched with global-local
(Heaviside) enrichments
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The GFEMgl solution cycle shown in Figure 3
can be repeated within a time or load step
before further advancing the crack. These
global-local iterations are used to address the
effect of inexact boundary conditions applied
to the local problem [20]. Another strategy to
address the error in boundary conditions is to
solve the local problem in a larger domain
with a buffer zone while still using the local
solution in the domain shown in Figure 3.
An a-priori error estimate accounting for the
effect of inexact boundary conditions applied
to the local problem and the size of the buffer
zone is provided in [20].

Figure 4:
Hat-stiffened panel with spot welds

Figure 5:
GFEMgl applied to a hat-stiffened panel. The enrichment functions are
provided by the solution of local problems with spot welds. Red nodes
of the global mesh are enriched with these functions. They add only
three dofs to each node enriched, regardless of the local problem size

Industrial Application: Hat-Stiffened Panel
An example of the application of the GFEMgl
to a representative hypersonic structural
component is presented next. The CAD
model of a hat-stiffened panel is shown in
Figure 4. The four stiffeners are connected
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to the panel skin by 168 spot welds. A fully
3-D model of the welds is often needed to
predict damage nucleation and evolution
at or near these connections. However, a
standard FEM model of a panel and welds
usually requires several million degrees of
freedom (dofs) [21]. Long duration nonlinear
transient simulations based on such models
are therefore extremely expensive.
Furthermore, the generation of the FEM
model is time-consuming. In the GFEMgl, the
spot welds are represented using global-local
enrichments provided by the solution of local
problems like those shown in Figure 5.
The figure also shows the fairly coarse
mesh adopted at the global scale. Only a
quarter of the panel is discretized due to
symmetries of geometry, boundary conditions
and material properties. The welds are
ignored at this scale. Thus, the global model
is independent of the number and location of
the spot welds, which is quite attractive when
performing design optimizations. It is also
noted that different element types are used
at global and local problems, which is
convenient when dealing with complex
geometries.
A total of 44 local problems are solved in
parallel – one for each spot weld. These
computations scale very well since there is
no communication among local problems
during their solution [21, 22]. Their solutions
are then used to enrich nodes of the global
model, as illustrated in Figure 5. This
GFEMgl discretization has about 210,000
dofs. The von Mises stress computed at
the global problem enriched with these
functions is shown in Figure 6(a). Localized
stress gradients are well-captured on
the coarse-scale mesh and are in good
agreement with the Direct Finite Element
Analysis results, shown in Figure 6(b).
Further verification of the GFEMgl for this
class of problems, including time-dependent,
nonlinear, and multi-physics responses can
be found in [21, 23–25].
Transition to National Laboratories
and Industries
A GFEMgl solver can be combined with
legacy FEM software using non-intrusive
algorithms which require no modifications
to the FEM code [26]. This is possible
because the GFEMgl can adopt coarse
meshes of classical finite elements at the
global scale and the local meshes need
not be conforming with the global ones as
shown earlier. Non-intrusive algorithms
provide a pragmatic and fast path for
the transition of the GFEMgl to national
laboratories and industries.

Figure 6:
Contour plots of the
von Mises stress on
stiffeners of the
hat-stiffened panel
computed with the
GFEMgl and from a
Direct Finite Element
Analysis (DFEA).
The DFEA model is
about 47 times larger
than the GFEMgl model
(a) GFEMgl

(b) DFEA
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