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SUMMARY

This paper presents a procedure to build enrichment functio ns for partition of unity methods like the
generalized nite element method and the hp cloud method. The procedure combines classical global-
local nite element method concepts with the partition of un ity approach. It involves the solution of
local boundary value problems using boundary conditions fr om a global problem de ned on a coarse
discretization. The local solutions are in turn used to enri ch the global space using the partition of
unity framework. The computations at local problems can be p arallelized without di culty allowing
the solution of large problems very e ciently.

The e ectiveness of the approach in terms of convergence rates and computational cost is
investigated in this paper. We also analyze the e ect of inex act boundary conditions applied to local
problems and the size of the local domains on the accuracy of he enriched global solution.

Key aspects of the computational implementation, in partic ular, the numerical integration of
generalized FEM approximations built with global-local en richment functions, are presented.

The method is applied to fracture mechanics problems with mu ltiple cracks in the domain. Our
numerical experiments show that even on a serial computer the method is very e ective and allows the
solution of complex problems. Our analysis also demonstrates that the accuracy of a global problem
de ned on a coarse mesh can be controlled using a xed number o global degrees of freedom and the
proposed global-local enrichment functions.

key words: Generalized nite element method, extended nite element m ethod, meshfree, global-
local, fracture mechanics, multiple cracks.

1. Introduction

The e ectiveness of partition of unity methods like hp clouds 5, 2€], generalized ¥, 19, 20,
32, 40, 49, 50], and extended [LO, 34] nite element methods relies, to a great extent, on the
proper selection of enrichment functions. Customized endhment functions can be used to
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model local features in a domain like cracks]5, 21, 34, 35, 39, 41, 55|, edge singularities R0,
boundary layers [L7], inclusions B4, voids [50, 54], microstructures [33, 47], etc., instead of
strongly re ned meshes with elements faces/edges tting the local features, as required in the
nite element method. This has lead to a growing interest on this class of methods by the
engineering community.

The generalized/extended FEM has the ability to analyze cra& surfaces arbitrarily located
within the mesh (across nite elements). Figure 1(b) shows the representation of a three-
dimensional crack surface using the generalized nite eleent method presented in P3, 45].
The generalized FEM enjoys, for this class of problems, the sae level of exibility and user
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Figure 1. (a) A three-dimensional GFEM discretization for a body with an inclined cracked. A ner
mesh is required near the crack front to compensate the limit ations of the enrichment functions. (b)
Three-dimensional view of the crack front. Notice that the ¢ rack surface goes through the elements.

friendliness as meshfree methods while being more compuianally e cient.

In simple two-dimensional cases, a crack can be accurately adeled in partition of unity
methods using enrichment functions from the asymptotic ex@nsion of the elasticity solution
in the neighborhood of a crack. The three-dimensional casesj however, not as straightforward.
The intersection of a crack surface with the boundary of the @main, creates complex stress
distributions. Asymptotic forms of the elasticity solutio n near edges in three dimensional
problems are discussed in, for example,2p, 36]. There are terms in the three dimensional
expansions which are very similar to the two-dimensional cae. Nevertheless, the theory is
quite complex and not practical for engineering applicatians.

Currently, two dimensional expansions of the elasticity sdution are used as enrichment
functions for three-dimensional cracks in nite size domans [21, 35, 55]. As a consequence, a
su ciently ne mesh must be used around the crack front to achieve acceptable accuracy. An
example is shown in Figurel(a). Even though the re nement does not have to be as strong as
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in the nite element method, it still creates many of the prob lems faced by the nite element
method when simulating propagating cracks. In particular (i) Increased computational cost
by re-solving the problem from scratch after each crack propgation step. Realistic simulations
require hundreds of crack propagation steps, several di egnt initial crack con gurations,
and many times, a non-linear analysis. Problems like multi-g#e damage analysis $] would
also benet from a methodology able to avoid re-solutions fom scratch after small changes
in input data; (i) Mapping of solutions between meshes when solving non-like or time-
dependent problems. Mappings between non-nested meshesdsstly and may lead to a loss
of accuracy even if ne meshes are used. These limitations et some of the advantages of
generalized/extended FEMs for several classes of problems.

The authors have recently proposed a procedure to build enchment functions for partition
of unity methods and, in particular, for the generalized FEM [18, 22]. The approach
presented in [L8, 22] was geared towards three-dimensional fracture mechanigsroblems but
the methodology can also be applied to many other classes ofrgblems. In this procedure,
enrichment functions are computed from the solution of lochboundary value problems de ned
in a neighborhood of a crack front in three-dimensions. The pproach uses concepts from the
classical global-local nite element method, where bounday conditions for local problems are
extracted from the solution of a global problem B7]. However, unlike the classical global-local
FEM, the approach presented in [L8, 22] is able to account for local-global interactions and
interactions among local features, like multiple cracks. The approach allows the use of coarse
global meshes around crack fronts while delivering accurat solutions and is specially appealing
to evolution type problems like propagating cracks. Numertal experiments demonstrating the
computational e ciency and accuracy of the method were prented in [18, 22].

In this paper, we present a detailed numerical analysis of tkb procedure presented in18, 22].
In particular, we investigate the following issues

(i) The e ect of using the solution of the global problem, instead of the unknown exact
solution, as boundary conditions for the local problems (Setion 4.1.1);

(i) The e ect of the size of the local domains on the performance of the proposed GFEM with
global-local enrichment functions. Larger domains are in pinciple desirable since they
would reduce the e ect of not using exact boundary conditiors for the local problems.
However, large domains are more computationally demandingSection 4.1.2);

(iii) The e ectiveness of the proposed technique in terms ofconvergence rates of the global
problem and its relations with the convergence rates of thedcal problems (Section4.2);

(iv) The computational cost of the procedure as compared wih existing methodologies
(Section 4.3).

In addition, we also discuss some key aspects of the compuiahal implementation, in
particular, the numerical integration of generalized FEM approximations built with global-
local enrichment functions (Cf. Sectionl.3). The main conclusions of this work are presented
in Section 5.

2. The Generalized Finite Element Method

In this section, we brie y review the construction of the so-called generalized nite element
approximations. Further details can be found in, for exampk, [6, 7, 20, 40, 51].
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The generalized FEM B, 7, 20, 40, 51] is an instance of the so-called partition of unity
method. This method has its origins in the works of Babwskaet al. [5, 7, 32] (under the names
\special nite element methods", \generalized nite eleme nt method" and \partition of unity
nite element method") and Duarte and Oden [ 16, 24, 25, 26, 40] (under the names \hp clouds"
and "cloud-basedhp nite element method"). The extended FEM [ 10, 34] and several of the
so-called meshfree methods proposed in recent years canalse viewed as special cases of the
partition of unity method. The shape functions, ; , in this class of methods are built from
the product of a partition of unity, ' , and enrichment functions, L ;

i ="' Lj i21() (no sum on ) Q)

where' ; =1;:::;N, N being the number of functions, constgute a partition of unity, i.e.,
a set of functions de ned in a domain with the property that N:1 " (x)=1forall x in
. The index set of the enrichment functions at a vertex node x is denoted byl ( ). The
supportof' ,fx :' (x)60g,isdenotedby! .Inthe generalized nite element method, the
partition of unity is, in general, provided by linear Lagran gian nite element shape functions.
The support ! of ' is then given by the union of the nite elements sharing a vertex node
x . The resulting shape functions are called generalized ni¢ element shape functions. Figure
2 illustrates the construction of GFEM shape functions. The generalized FEM is equivalent to
the standard FEM when polynomial enrichment functions, L ; , are used. The main strength of
the generalized FEM is its ability of using non-polynomial errichment functions as illustrated
in Figure 2(b). In particular, custom-built enrichment functions that ar e solutions of local
boundary value problems can be used as well. These so-callghbbal-local enrichment functions
are described in detail in Section3.
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Figure 2. Construction of a generalized FEM shape function using a polynomial (a) and a non-

polynomial enrichment (b). Here, * are the functions at the top, the enrichment functions, L; , are
the functions in the middle, and the generalized FE shape functions, ; , are the resulting bottom
functions.

[global-local_GFEM_duarte_kim_R1 { August 18, 2007]



GLOBAL-LOCAL ENRICHMENT FUNCTIONS 5 of 33

Local Approximations A partition of unity-based approximation of a scalar eld u(x)
de ned on a domain R":;n=1;2;3; can be written, using shape functions (), as
XX X
Un(X) = ai i (x)= " (Xup (x) (2)
=12l () =1
P
wherea; ; =1;:::;N; 1 21 ( ), are unknown coe cients and un (X):= 5, (yaili (x)
denotes a local approximation of the eld u(x) de ned on ! and belonging to the local space
(! )=spanflL; (X)gi2 () )

whereL; ;i 21 ( ); are basis or enrichment functions andL ; = 1.

A-Priori Error Estimate An a-priori error estimate for partition of unity approxima tions
and, in particular, for the generalized nite element method, was proved by Babwska and
Melenk [7, 32]. The estimate says that if the partition of unity POUy = f' gN_; satis es some
mild requirements and the error of the local approximationsu, 2 (! ); =1;:::;N, are
bounded by

ku up kE(! y < (;u); =1;:::;N; 4)

then the error of a partition of unity approximation, up, de ned in (2) is bounded by
! 1=2

X
ku upkg, <C 2(u) (5)
=1

where k:k. denotes the energy norm andC is a constant. Details and proofs can be found
in [16, 26, 32]. If the enrichment functions L; ;i 21 ( ) can (locally) approximate well the
function u over! ; =1;:::;N, the estimate (5) shows that the global approximation up
can approximate well the function u over the (global) domain . The rate of convergence of
up is controlled by the rate of convergence of the local approxnations u, ; = 1;:::;N.
In Sections 4.2.1 and 4.2.2 we use this result to analyze the e ectiveness of the globalecal
enrichment functions de ned in Section 3.

3. A Global-Local Approach to Build Enrichment Functions

In this section, we present a global-local approach to buildenrichment functions for the
generalized FEM. The approach is based on the global-local fmulation presented in [18, 22].
We focus on three-dimensional linear elasticity problems ad illustrate the main ideas using
fracture mechanics examples. The formulation is, howeverapplicable to other classes of
problems as well. Key aspects of the computational implemetation are discussed in Section
l.

3.1. Formulation of Global Problem

Consider adomain g = g[ @ g inR 3 The boundary is decomposed a® ¢ = @ {[ @ ¢
with @&\ @ = ;.
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The equilibrium and constitutive equations are given by
r =0 =C:" in G; (6)
where C is Hooke's tensor. The following boundary conditions are pescribed on@ ¢
u=uon@ g n=ton@ g; (7)

where n is the outward unit normal vector to @ 5 and t and u are prescribed tractions and
displacements, respectively.

Let u2 denote a generalized FEM approximation of the solutionu of problem (6), (7). The
approximation u2 is the solution of the following problem:

Find u% 2XP( ) HY G);uch that, 8 v 2;(29( )

ul):"(vd)dx + ul vids = t vids+ u vlds (8)
c @y @, @y

where, X gp( c) is a discretization of HY( ), the Hilbert space de ned on ¢, built with
generalized FEM shape functions and is a penalty parameter. In the computations presented
in Section 4, we adopt =108 E J,whereE andJ are the Young's modulus of the material
and the Jacobian of a volume element with a face on §, respectively. We use the penalty
method due to its simplicity and generality. Detailed discussion and analysis of methods for
the imposition of Dirichlet boundary conditions in generalized FEMs can be found in, e.g.,4].
Problem (8) leads to a system of linear equations for the unknown degreeof freedom ofug.
The mesh used to solve problem§) is typically a coarse quasi-uniform mesh.

3.2. Local Problems

Let |, denote a subdomain of . This local domain may contain cracks, holes, inclusions,
bers, or other local feature of interest. In this paper, we focus on the case of local domains
containing a single crack surface . with front ¢ . Details on discretizations used on ¢
are given in Sectionl.

The following local problemis solved on |, after the global solution ug is computed as
described above:

Find uIch 2X |2?;( loc) Hl( loc) SZUCh that, 8 vijoc 2 X |2’3;( loc)

(Uioc) : " (Vioe )dXx + Ujoc Viocds =
ZOC @Iocn%)loc\@e) Z

U% V|OC dS + u V|0C dS + t V|OC dS (9)
@Iocn(@loc\@G) @Ioc\@uG @Ioc\@G

where, X ,'c‘fé( loc) is a discretization of HY( 1oc) using GFEM shape functions.
A key aspect of problem Q) is the use of the generalized FEM solution of the (crude) globl
problem, u%, as boundary condition on @ ocN(@ 10c \ @ ). The present paper focuses on
fracture mechanics problems. The solutions are smooth awayrom crack fronts where it is
possible to assume that the crude solution of a global probia, u2, can approximate the exact
solution reasonably well. Our numerical experiments preseted in Section 4.1 con rm this.
Exact boundary conditions are prescribed on portions of@ | that intersect either @ & or

@
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The formulation above considers for simplicity the case of asingle local problem per crack
in the computational domain. It is also conceivable to de ne several local problems along each
crack front with overlapping local domains. In this case, the boundary of a local problem
intersects the crack front. The crude global solution, ug, can not approximate the exact
solution well at these points. However, each one of these patis at the crack front will be inside
of one of the local problems since the local domains overlaplherefore, the solution of the
other local problem will be able to approximate well the exac solution at this point even with
non-exact boundary conditions because of the ellipticity & the problem under consideration.
This allows us to utilize the crude solution of a global probem for the construction of local
problems using the crude solution as boundary conditions.

3.3. Global-Local Enrichment Functions

The local solution uoc is potentially an excellent enrichment function for the global problem
de ned in Section 3.1. We call u,c a global-local enrichment function since it is computed
using the same approach used in the so-called global-localBM [37]. We use these functions
to de ne the following vector-valued global shape function
="' U (10)

where' denotes aglobal partition of unity function. This function is used at nodes x of
the global mesh whose support! , is contained in the local domain |,c. The global problem
de ned in Section 3.1 is then solved again using these global functions. The solidn of this
enriched global problem is denoted byu § . The procedure is illustrated with the aid of the edge
cracked rectangular bar shown in Figure3(a). It contains a through-the-thickness edge crack,

¢, With front o0t . Figure 3(b) illustrates a local domain extracted from the global mesh
shown in Figure 3(a). The boundary conditions applied to a local problem are dispacements
computed by solving the global problem on a coarse mesh. Thesoundary conditions are also
illustrated in Figure 3(b).

Related approaches  The generalized FEM described above is related to global-lad
techniques developed for the classical nite element methd in the 70's [37] and broadly used
in many practical applications of the FEM. A fundamental di e rence, however, is that the
proposed generalized FEM accounts for possible interactianof local (near crack, for example)
and global (structural) behavior. These interactions can ke accounted when solving the global
problem with global-local enrichment functions. This is in contrast with standard global-local
FEM.

The proposed approach for the construction of enrichment factions is also related to the
so-called mesh-based handbook approach of Strouboulis et. 451, 52, 53] for the solution of
Laplace's equation in two-dimensional domains with many vads. The fundamental di erence
between the two approaches is the boundary conditions useaf the local problems. Strouboulis
et al. [51, 52, 53] consider the problem of a scalar equation with microscaleBecause the exact
solution is not smooth and any coarse solution can not approxnate it well, it is not possible in
this case to use a crude global solution as boundary conditits for the local problems. Hence
harmonic polynomials are used to de ned a set of Neumann bouttary conditions. The local
domains are enlarged by a bu er zone to minimize the e ect of nexact boundary conditions.

Our approach is also related to upscaling techniques for mioscale problems 30]. However,
the proposed approach does not lead to non-conforming appxrimations like in some upscaling
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(a) Edge cracked rectangular bar. Mesh for (b) Local domain extracted from the global mesh

global problem. at the crack front. The vectors on the element
faces illustrates the applied displacement boundary
conditions.

(c) Local mesh re ned around the crack front. This (d) Isosurfaces of the computed
mesh is nested in the mesh of the global problem. solution, uoc, of a local problem.

Figure 3. Construction of global-local enrichment functio ns for the GFEM. The solution of the local

problem shown in (d) is used as an enrichment function for the global problem shown in (a).

techniques BQ]. In our case, the global shape functions built with local stution enrichment
functions u,c overlap and are conforming.

4. Numerical Experiments

Several numerical experiments are presented in this sectiowith the goal of addressing the
following issues in the proposed GFEM with global-local funtions:
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The e ect of using the solution of the global problem, instead of the unknown exact
solution, as boundary conditions for the local problems (Setion 4.1.1);

The e ect of the size of the local domains on the performance fothe proposed GFEM.
Larger domains are desirable in principle since they would educe the e ect of not
using exact boundary conditions for local problems. Howewe large domains are more
computationally demanding (Section 4.1.2);

The e ectiveness of the proposed technique in terms of convgence rates of the global
problem and their relation to the convergence rates of the loal problems (Section4.2);
The computational cost of the GFEM with and without global-lo cal enrichment functions
(Section 4.3);

The size of the largest problem that can be solved on a given medware using the GFEM
with and without global-local enrichment functions (Section 4.3).

Discretizations of global and local problems are denoted by

GP=(PxiPy;iPz) and ngéfpzlgyy ;pz);

respectively, where (i) px; py and p, denote the polynomial degree of the shape functions in
the x-, y-, and z-direction, respectively; (ii) nlay denotes the number of layers of elements
around the crack front in the mesh extracted from the global poblem; (iii) nref indicates
the level of the local (uniform or non-uniform) mesh re nement. Details on the construction
of local discretizations are provided in Sectionl.1. In all numerical experiments, a single local
problem per crack front is de ned. All computations were performed on a Dell Dimension 4600
PC with a 3.2 MHz Pentium processor and 2 GB of memory.

Model Problem Figure 4 illustrates the edge-cracked rectangular bar model used in
Sections4.1 and 4.2. The problem has a single through-the-thickness crack andsi discretized
with a uniform mesh of 6 (8 8 4) tetrahedral elements. This mesh is created by rst
generating an 8 8 4 mesh of hexahedral elements and then dividing each elemeinto 6
tetrahedral elements. Figure 3(a) shows this mesh.

Neumann boundary conditions corresponding to the rst term of the Mode | expansion of
the elasticity solution in the neighborhood of a crack,u', are applied on the boundary of
the global domain as illustrated in Figure 4. The following parameters are assumed: Poisson's
ratio = 0:0; Young's modulusE =200 000; In-plane dimensionsa = 0:5, d = 0:875; Domain
thicknesst = 1:5. We set the Poisson's ratio of the material to zero so (i) no tactions need
to be applied on the facesz = 0 and z = t of the domain (ii) the exact solution on this 3-D
domain is equal tou' .

4.1. E ect of Boundary Conditions and Size of Local Problems

Since boundary conditions for local problems are obtainedrbm the solution of an initial
(crude) global problem, ug, they are not exact. This can be addressed byi{ improving the
accuracy ofu? or (i) increasing the size of local domains, a procedure commonlysed in
global-local FEM simulations [14]. These approaches are investigated in Sectiond.1.1 and
4.1.2, respectively.

Three local domain sizes are used: ﬁr:e(f' fgl;)n,ay with nlay = f1;2; 3g. The re nement is non-

uniform with the elements along the crack front bisected 9 tmes using the algorithm described
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cand ty

/ =
a a z
Figure 4. Model problem with a single through-the-thicknes s crack.

in Section |.1. Three di erent boundary conditions are applied to the local problems: Dirichlet

boundary conditions from the exact solution, u', and from the solutions of global problems
GP=1:LD and GP= 41 The local solutions are then used to enrich nodes located oile crack
front of the global problem GP=¢ 41 The local domains and their construction are illustrated

in Figures 5(a) and 5(b). Figure 5(c) illustrates the enriched global problem.

4.1.1. E ect of inexact boundary conditions for local probl ems Tablesl, I, and Il
list the relative error in the energy norm for the global solution computed from local problems
with three dierent boundary conditions. Here, Nj.(g) denotes the number of degrees of
freedom in the local(global) problem, Us denotes the strain energy of the global problem,
e, denotes the relative error in energy norm of the enriched glbal solution, and €5’ denotes
the relative error in energy norm of the global problem in the case of exact local boundary
conditions. On the bottom row of each table, the strain enery and relative error in the energy
norm are provided as a reference value when no nodes in the glal problem are enriched with
the local solution.

From these results, we can observe that the use of global-lat enrichment functions greatly
enhances the solution of the global problem. The relative aor in the global problem is reduced
at least 1379=3:77 = 3:7 times in all cases after enriching the global problem with écal
solutions. It can also be seen thatonly fteen degrees of freedom are added to the global
problem enriched with local solutionssince there are ve nodes on the global crack front of the
model, and three new degrees of freedom are created at eachd®y which correspond to x-, y-
and z-components of the local solution.

As expected, the use of local boundary conditions of higher uplity improves the quality
of enriched global solutions. This improvement is most sighcant when only a single layer
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nlay = 1 nlay = 2 nlay = 3
(a) Construction of local dis- (b) Local domains for varying number of layers of elements
cretizations. The shaded area extracted from global mesh.
represents the dierent size of
local domains extracted from the
coarse global mesh.
———a

(c) Enrichment of global space with local solutions. Regardle ss of
the local domain size, only the global nodes located on the cra ck
front are enriched with local solutions.

Figure 5. Set-up to analyze the e ect of inexact local bounda ry conditions and local domain size (front
view).

[global-local_GFEM_duarte_kim_R1 { August 18, 2007]



12 of 33 C.A. DUARTE AND D.-J. KIM

(nlay = 1) is included in the local domain. This can be explained by the St Venant principle.
Additional layers in the local domain reduce the e ect of the perturbed boundary conditions
on the solution near the crack front. However, the di erencein e computed from the di erent
local boundary conditions is not signi cant. For example, in case of a single layer in the
local domain (nlay = 1), the global relative error in energy norm ey obtained from the
poor local boundary conditions (GP=( :11) is only 8.1% larger than that of the exact local
boundary conditions, €5 . If we use better local boundary conditions obtained fromGP=(* :4:1)|
the di erence is reduced to about 1.3%. This indicates that we can still obtain a good enriched
global solution, u§, even if the quality of initial global solution, u2, is not good.

Table I. E ect of inexact boundary conditions for local prob lems with nlay =1 on the error of global

problem.
local BCs Nioc Ng Us e (%) e =€’
GP=( 1) 76110 12765 3.5057446E-06 3.7702 1.0812
GP=(4:41) 76110 12765 3.5063528E-06 3.5330 1.0132
exact 76110 12765 3.5064659E-06 3.4871eZ) 1
No gl-loc enrich. { 12750 3.4439439E-06 13.7930 {

Table Il. E ect of inexact boundary conditions for local pro blems with nlay =2 on the error of global

problem.
local BCs Nioc Ng Ug e (%) e =€
GP=TL) 78060 12765 3.5058528E-06 3.7291 1.0607
GP=(4:41) 78060 12765 3.5063862E-06 3.5194 1.0010
exact 78060 12765 3.5063952E-06 3.5158€3) 1
No local sol. { 12750 3.4439439E-06 13.7930 {

Table Ill. E ect of inexact boundary conditions for local pr oblems with nlay = 3 on the error of global

problem.
local BCs Nioc Ng Us e (%) e, =¢’
GP=:LY) 80910 12765 3.5058607E-06 3.7260 1.0580
GP=(4:41) 80910 12765 3.5063783E-06 3.5226 1.0002
exact 80910 12765 3.5063801E-06 3.5219€) 1
No local sol. { 12750 3.4439439E-06 13.7930 {
4.1.2. Eect of local domain size The e ect of the size of the local domains on the
quality of u§ can be quanti ed using, for example, the data in row 1 of Tables I, Il and III .
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The last column of Table IV shows the relative change of global error} as the number of
layers is increased. Going from one to two layers, for exampl gives

erG;nlay =1 eE;;nIay =2 100 = 1:0894 %

erG;nlay =1

The e ect of increasing the number of layers, for this class bproblems, is therefore minimal.
This is due to the smoothness of the exact solution at relatiely short distances away from
crack fronts as discussed in Sectior8.2. As a result, the use of larger local domains is not
required. Based on this, hereafterJocal problems with only one layer are used

Table IV. E ect of size of local domains with the initial boun dary conditions obtained from GP=¢ 1
on the error of global problem. The last column shows the relative change of global error e as the
number of layers is increased fromnlay =1 to nlay =2 and from nlay =2 to nlay = 3.

nlay N €5 (%) Relative reduction of error (%)
1 76110 3.7702
2 78060 3.7291 1.0894
3 80910 3.7260 0.0816

4.2. E ectiveness of the Proposed Global-Local Approach

In this section, we investigate how a reduction of the error n the local problems a ects the
error of a global problem enriched with local solutions. Therelation between global and local
convergence rates provides us a quantitative measure of the ectiveness of the proposed
GFEM with global-local enrichment functions.
Let | tront denote the index set of the clouds associated with nodes on the crack front.
If the error on all other clouds in the domain is smaller than the error on the clouds! |,
2| tront , the estimate for u uE E( o) given in (5) can be written as

0 1.
E @ X 2/ . X 2. A
U UG g o (; u)+ (;u)
2l front 62lront
0 1.5
X
c@ 2(5 wA (11)
21 front

where C is a constant. Thus, if all nodes/clouds in the setl ¢,on¢ are enriched with global-local
enrichment functions, the rate of convergence of the enriobd global problem will be controlled
by the error of local approximations u, ; 21 ¢ont , belonging to spaces (! ); 21 tront -
We can then expect that the solution of the global problem enriched with local soligns will
converge at least at the same rate as the local solutions.

Let us consider again the edge-cracked model problem illusited in Figure 4. The global
domain is discretized with a uniform mesh of 6 (8 8 4) tetrahedral elements as before. In
the numerical experiments presented in Sectio.2.1and 4.2.2, the enriched global solutionu§
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is computed on the global discretizationGP=* :41)  Therefore, the bound provided by (11) and
the above observations hold foru§. In Sections 4.2.1 and 4.2.2 we compare the convergence
rates of the enriched global problem when the local problemsare solved with the h- and
p-versions of the generalized FEM, respectively. In all numecal experiments, a single local
problem is de ned for the entire crack front and a single laye of elements is used to de ne the
local domain, i.e.,nlay = 1.

In the convergence analysis presented hereafter, the comgence rates in global and local
problems are measured with respect to CPU time, not number of DFs.

4.2.1. Non-uniform h-extensions on the local problem The convergence of the
enriched global problem when non-uniformh-extensions are performed on the local problems
is investigated in this section. Local problemsL{ /i) _ | with nref = £0;3;7,11;15g are
solved using three di erent Dirichlet boundary conditions on @ 1o N(@ oc \ @ ): The exact
solution and the solutions of the global problemsGP=(* ‘11 and GP=* 41 For convenience,
hereafter these boundary conditions are denoted as “exact'poor' and ‘good'. The solutions
of these local problems are used as enrichment functions irhe global problem GP=(* 41) at
nodes located at the crack front.

The exact strain energy for the local problem is known when eact boundary conditions
are used. However, this is not the case when the boundary coittbns are obtained from the
solution of the global problem. Hence, in this case, referare values for the exact strain energy
is computed using the procedure proposed by Szabo and Babka [5€]. In this procedure, the
exact strain energy is estimated using a sequence of nite ement solutions and a-priori error
estimates forh- or p-extensions. The accuracy of the estimated values greatlyepends on the
accuracy of the approximate solutions. In our computations the solutions of local problems on
discretizations LP= % with nref = 13;14;15 are used to estimate the exact strain energy
for local problems with inexact boundary conditions.

Tables V, VI and VII show the convergence of global and local strain energy whempaoor’,
‘good' and “exact' Dirichlet boundary conditions are used a the local problem, respectively. In
the tables, nref is the level of mesh re nement along the crack front in the lo@l problem, tjo¢ (g
and Ulgc(G) represent the CPU time spent on the local (global) problem andthe computed
strain energy for the local (global) problem, respectively The last column of the tables shows
the ratio between the convergence rate in the global and lodgroblems. The rates are measured
with respect to CPU time. The exact strain energy for the localand global problems are given
in the last row of the tables. The data in the tables are plotted in Figure 6.

The results show that the global convergence rate is alwaysaftger than the local convergence
rates as predicted by the estimate (1). This behavior is the same for all three cases of boundary
conditions applied to the local problem. The ratio between ©nvergence rates decreases with
the level of re nement in the local problem but remains larger than one. This decreasing may
be due to errors in the global domain away from the crack front The global problem is enriched
only at the crack front. Therefore, as the error around the crack font is reduced, the error
elsewhere becomes relevant and the hypothesis used to amiat estimate (11) is no longer
valid.

Figure 6 shows that the error of the enriched global solution is only minimally aected
by using a perturbed boundary condition for the local probha instead of the exact boundary
condition. Even when local boundary conditions are obtained from a verypoor global solution,
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i.e. GP=( 11 the convergence behavior is almost the same as in the case efact boundary

conditions. This demonstrates that the proposed global-l@éal approach to build enrichment
functions is very robust.

Table V. Convergence of global and local strain energy. Non-uniform h-extensions on local problem
with Dirichlet boundary conditions from global problem GP=( ‘%% (‘poor' boundary condition).

nref t 1oc te uh. U Ratio of conv. rates
0 1.73 65.05 3.820950E-07 3.471882E-06
3 9.00 72.27 3.724081E-07 3.489150E-06 12.51820
7 41.57 103.25 3.685188E-07 3.497065E-06 3.41673
11 197.18 186.59 3.655763E-07 3.503494E-06 1.89650
15 1022.05 401.93 3.643902E-07 3.506366E-06 1.28328

1 3.634960E-07 3.510735E-06

Table VI. Convergence of global and local strain energy. Non-uniform h-extensions on local problem
with Dirichlet boundary conditions from global problem GP=* 41 (‘good' boundary condition).

nref t 1oc tg [V U Ratio of conv. rates
0 1.84 62.84 6.931477E-07 3.472407E-06
3 8.90 71.48 6.715684E-07 3.489767E-06 10.17051
7 41.48 102.80 6.627187E-07 3.497709E-06 3.50811
11 196.84 185.95 6.560560E-07 3.504112E-06 2.02149
15 1023.74 406.67 6.533571E-07 3.506970E-06 1.40798

1 6.513262E-07 3.510735E-06

Table VII. Convergence of global and local strain energy. No n-uniform h-extensions on local problem
with exact Dirichlet boundary condition.

nref  tioc te un. U Ratio of conv. rates
0 212 64.52 7.994423E-07 3.472613E-06
3 9.84 73.58 7.730479E-07 3.489859E-06 9.65177
7 4475 104.21 7.623132E-07 3.497808E-06 3.63863
11 205.14 187.58 7.541891E-07 3.504222E-06 2.01493
15 1036.79 402.39 7.508966E-07 3.507084E-06 1.44377
1 7.484435E-07 3.510735E-06

4.2.2. P-extensions on the local problem This section discusses the convergence of the
global problem when uniformp-extensions are performed on the local problems. Local prdéms
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Figure 6. Convergence behavior of global and local problemsfor non-uniform h-extensions on the local
problem.

Loy s1- 1 pap, 4 are solved using the “exact, “poor' and ‘good' Dirichlet

boundary conditions described in the previous section. Theexact and reference values for the
strain energy are the same as in the previous section. The agions of these local problems are
used as enrichment functions in the global problemGP=*:41 at nodes located at the crack
front. Note that 15 levels of mesh re nement are applied to the local problems in order to
isolate the singularity at the crack front. Tables VIII, IX and X and Figure 7 present the
results. Similar to the non-uniform h-extensions case, only a small di erence is found between
global solutions enriched with local solutions computed wih ‘exact’, ‘good' or '‘poor' boundary
conditions.

Table VIII. Convergence of global and local strain energy. P -extension on local problem with Dirichlet
boundary conditions from global problem GP=® %% (‘poor' boundary condition).

p-order.  tioc te up. ud Ratio of conv. rates
1 2.15 293.07 3.912982E-07 3.481001E-06
2 32.09 320.41 3.687048E-07 3.500050E-06 18.52115
3 226.95 359.76 3.653164E-07 3.504406E-06 8.41271
4 1022.05 401.93 3.643902E-07 3.506366E-06 7.07854
1 3.634960E-07 3.510735E-06
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Table IX. Convergence of global and local strain energy. P -extension on local problem with Dirichlet
boundary conditions from global problem GP=* 4V (‘good' boundary condition).

p-order.  tioc te up. ud Ratio of conv. rates
1 2.36 292.65 7.299275E-07 3.481729E-06
2 3240 320.35 6.613327E-07 3.500799E-06 15.05567
3 228.51 355.63 6.550298E-07 3.505020E-06 10.40229
4 1023.74 406.67 6.533571E-07 3.506970E-06 7.77007
1 6.513262E-07 3.510735E-06

Table X. Convergence of global and local strain energy. P-extension on local problem with exact
Dirichlet boundary condition.

p-order. tioc te up. ud Ratio of conv. rates
1 2.44 294,16 8.435237E-07 3.481771E-06
2 33.68 323.18 7.611729E-07 3.500909E-06 14.99954
3 234,94 356.55 7.531670E-07 3.505132E-06 11.20100
4 1036.79 402.39 7.508966E-07 3.507084E-06 8.02238
1 7.484435E-07 3.510735E-06
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Figure 7. Convergence behavior of global and local problemsfor p-extensions on the local problem.
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4.3. Cost Analysis of the GFEM with Global-Local Enrichment Functions

The GFEM with global-local enrichment functions can potentially be more e cient than the
FEM or the standard GFEM (i.e., the GFEM without global-local enrichment functions). This
may be the case because the computational cost of solving ankar system grows faster than
linearly with respect to problem size. Therefore, it may be nore computationally e cient
to solve several smaller local problems instead of a singldarge, global problem. Another
advantage of solving several local problems instead of a gjte large problem, is the reduced
memory requirements. The amount of memory required to solve local problem is much smaller
than that required to solve a single large global problem andt can be released after computing
the local solution vector. Therefore, the GFEM with global-local enrichment functions also has
the potential of solving, on a given hardware, larger problens than, e.g., the FEM. Memory
usage is specially critical on 32-bit hardware. On the otherhand, the numerical integration of
global-local enrichment functions is more involved than inthe standard GFEM or in the FEM,
as discussed in Sectiori.3. This may o set the gains of the method during the factorization
procedure of the sti ness matrix.

Some of the computational issues discussed above are inviggtted in this section.
Speci cally, we investigate the computational cost of the GFEM with global-local enrichment
functions when solving stationary cracks on a serial compur. In the analysis, we consider the
e ect of the number of local problems on the performance of tle method. A model problem
with one, three or ve cracks is analyzed. We compare the comptational cost of the GFEM
with global-local enrichment functions with the standard GFEM. In the latter, the accuracy
of the solution of controlled through mesh re nements of the global mesh (like in the FEM),
while in the former the global mesh is xedand the accuracy is controlled through global-local
enrichment functions only. In both methods, only polynomial enrichment functions and meshes
tting the crack surface, as in the FEM, are used. In other words, a situation like that shown in
Figure 1, with a crack modeled with discontinuous and/or singular errichment functions, is not
considered. The standard GFEM used here is therefore very siitar to the FEM. Hereafter, we
denote the GFEM with global-local enrichment functions simply by GFEM 9. The reported
CPU time for the GFEM 9" includes both local and global computations.

Model Problem A model problem with up to ve cracks and illustrated in Figur e 8 is used
in the computations below. In the computations, only half of the domain (domain CDFG in
Figure 8) is discretized and symmetry boundary conditions applied #ng the vertical plane
of symmetry. The domain is discretized with a mesh of 6 (6 12 1) tetrahedral elements.
This mesh is used for the global computations in theGFEM 9 and as an initial mesh for the
standard GFEM. Examples of discretizations used in both appraches are shown in Figured0
and 11. The exact strain energy for this problem was estimated usig the procedure described
in Section 4.2.1.

The following parameters are assumed for this model: Poissts ratio = 0:33; Young's
modulus E = 200 000; In-plane dimensionsd = 36:0, a; = 18:0, a, = 12:0, ag = 6:0,
b, = b, = 6:0; Domain thicknesst = 6:0; Neumann boundary conditions

tx = 0:0; t, =20:0; t, =0:0 on the top side of the body
tx = 0:0;ty, = 200; t, =0:0 on the bottom side of the body

A non-zero Poisson's ratio is used in this problem. Therefcg, a triaxial stress state develops
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Figure 8. Multiple crack example. Possible crack locations are indicated as (1),(2) and (3).

near the crack fronts. This three-dimensional e ect is morepronounced near the intersection of
a crack front and the boundary of the domain (at the crack front vertices). Figure 9 shows the
Euclidian norm of the solution near the crack front. Three-dimensional e ects can be observed.
This behavior is accounted for by further re ning the meshesaround the crack front vertices.
The levels of re nement at the crack fronts and their vertices are listed on TablesX| and Xl|
for the case of the model with ve cracks. They are indicated & \F" and \V", respectively, in
the tables.

Standard GFEM The discretization error in this case is controlled through non-uniform
mesh re nements in the neighborhood of the crack fronts. Examples of discretizations used are
shown in Figure 10. Global discretizations with polynomial order p = (5;5;5) and increasing
levels of mesh re nement around the crack fronts are used.

GFEM with global-local enrichments The procedure used in theGFEM 9" is illustrated
in Figure 11. The mesh re nement in the local problems is non-uniform andgraded towards
the crack front. Figure 11(b) illustrates a local discretization.

The initial global solution, u%, is computed on the global discretization GP=® %9, This
solution provides Dirichlet boundary conditions for the local problems as described in Section
3.2. The local problems are solved on discretizations P o) _; . The local solutions are used
as enrichment functions for the global problemGP=( :55)
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Figure 9. Isosurface of the Euclidian norm of the solution near the crack front. Three-dimensional
e ects can be observed.

single crack 3 cracks 5 cracks

Figure 10. Analysis of the domain with multiple cracks by the standard GFEM (top view). Non-
uniform h-re nement is performed on the elements near each crack front.
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(a) Construction of local discretizations. The shaded area repre sents
the local domain extracted from the coarse global mesh.

21 of

(b) Graded mesh used
in the discretization of
a local problem.
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]

single crack 3 cracks

(c) Enrichment of global discretization with local solutions

5 cracks

. Yellow squares on
the crack fronts represent the nodes enriched with the local solut

ions.

33

Figure 11. Analysis of the domain with multiple cracks by the GFEM 9! (top view). Mesh re nements

are applied to local problems only.
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In the numerical experiments presented in this section, themaximum level of h-re nement
is limited by the maximum amount of memory a 32 bit machine canallocate. As a result, each
example shows a di erent level of maximumh-re nement. The GFEM 9! can reach a higher
level of mesh re nement in the local problems than the standad GFEM can in the global
problem, as discussed before.

The results for the model with ve cracks solved with GFEM 9! and standard GFEM are
presented in TablesXl and XlI, respectively. The tables list the level of re nement (nref ) at
crack fronts (F) and additional re nement level performed at each crack vertex (V), the number
of degrees of freedomN ), the relative error in the energy norm in the enriched globd domain
(e) and the CPU time spent on the assembly {assem ), factorization (tsae; ) and backward and
forward substitution ( tsyp) of the sti ness matrix in both local and global problems. Th ey also
report ty , which measures the total CPU time spent in aGFEM 9" or in a standard GFEM
analysis. In the case of aGFEM 9! analysis, ty includes the CPU time spent in the local
problems. The three essential components which comprise nsbof the computational cost of
the analysis, aretassem , tract and tsyp. The local tassem , tract @nd tgyp reported in Table XI,
are the total CPU time spent in all ve local problems while N local is for each local problem.

From the results reported in the tables, some unique featurs of the CPU time spend in a
GFEM 9 analysis can be identi ed. As the number of degrees of freedn in a local problem
increases (as the local domain if-re ned), tassem , tract @ndtsy, Of the local problems increase,
whereas onlytassem increases in the global problem. This is because the numberf degrees of
freedom in the global problem does not depend on the size of éhlocal problems. Comparing
the rst and last rows of Table XI, we can observe that the error of the enriched global
solution was reduced to about one third of the initial error using the same number of degrees
of freedom in the global problem. The assembly time in the glbal problem, tassem , iNcreases
since mesh re nement in the local problems requires more irgration points in the global
elements enriched with local solutions, as described in Sean 1.3. Note however, that tassem N
the global problem grows much slower than the totalt,ssem in the local problems. This attests
that the exact integration procedure described in Sectionl.3 can be e ciently implemented.

Table XI. CPU time spent on the model with ve cracks shown in F igure 11 using the GFEM ¢'.

In the local problem, N is the number of degrees of freedom used in each local problemwhile the

CPU times reported account for all ve local problems. tix measures the total CPU time spent in a
GFEM 9! analysis and €5 is the relative error in energy norm of the enriched global solution.

nref Local problems Global problem
(F/V) N t assem tfact tsub N t assem tfact tsub ttot erc;

(0/0) 1680 12.8 16.8 0.2| 20580 47.4 49.8 3.2 130.2 || 0.09169
(2/1) 4620 63.7 97.0 0.9/ 20580 80.9 498 3.2 2955 || 0.06255
(212) 8925 158.8 220.9 2.3] 20580 143.7 50.2 3.2 579.1 || 0.05230
(3/3) 14490 285.2 566.0 4.0 20580 222.9 49.7 3.2 1130.9| 0.04384
(414) 20580 458.0 22252 7.3 20580 330.3 49.7 3.2 3073.7| 0.03882
(5/5) 32235 721.2 3890.8 11.620580 497.3 49.7 3.2 5173.7| 0.03260
(6/5) 38325 9235 7020.2 22.020580 617.3 49.6 3.2 8635.8| 0.03101

The relative error in energy norm versus CPU time is plotted in Figure 12 for computations
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Table XIl. CPU time spent on the model with ve cracks shown in  Figure 10 using standard GFEM.

nref
(F/V) N tassem tract tsub tiot e

(0/0) 21000 50.0 56.8 3.4| 110.2 || 0.10612
(2/2) 35700 105.4 176.3 6.8 288.5| 0.07175
(212) 57225 200.1 389.4 12.6 602.1| 0.05485
(3/2) 66675 256.8 694.8 17.5969.1| 0.05125

on domains with one, three and ve cracks. The convergence pts are for the standard and
GFEM 9! when non-uniform h-extensions are performed at the global and local discretitions,
respectively. Several observations can be made based on shplot.

First, for any number of cracks in the domain, there is a rangeof discretization error and
CPU time over which the GFEM 9" is more computational e cient than the standard GFEM.
The magnitude of this range increases with the number of cracs/local problems in the domain.
This indicates that the GFEM 9! can be quite more e cient than the standard GFEM or the
FEM when analyzing problems with several cracks or other lochfeatures in the domain. It
also indicates that the e ciency of the GFEM 9! compared to the standard GFEM can be
extended by increasing the number of local problems. For exaple, by creating more than one
local problem at each crack front.

Second, theGFEM 9! approach is less a ected by hardware limitations than the steandard
GFEM. The last point in each curve shown in Figure 12, represents the maximum level of non-
uniform h-re nement which could be solved in a 32 bit machine. As a resli, the GFEM ¢
can deliver more accurate solutions on a given hardware thathe standard GFEM. In the ve
crack model, the most accurate solution computed with the sandard GFEM, has an error
that is about 65% larger than the most accurate solution the GFEM 9! was able to compute.

Third, we observe a reduction in the convergence rate with msh re nement in both the
standard and GFEM 9. This decreasing is due to errors in the global domain away im the
crack fronts. In both methods, the meshes are re ned only neathe crack fronts. Therefore, as
the error around these regions is reduced, the error elsewhein the domain becomes relevant.
The reduction in the convergence rate is less pronounced inase of the standard GFEM
since the mesh re nement applied to the elements at the crackront induces some additional
re nement required to keep the mesh conforming. This propagtion of mesh re nement does
not happen in the GFEM 9 approach. This can be veri ed by comparing the mesh re nemeits
near the crack fronts in Figures10 and 11(b).

From the above, we can conclude that even on a serial computeand for stationary cracks,
the GFEM 9" can be a very e ective tool to analyze a problem with many crads or other local
features.

5. Summary and Concluding Remarks

In this paper, we analyze a two-level approach to build enribment functions for partition
of unity methods and, in particular, for the generalized FEM. Three-dimensional fracture

[global-local_GFEM_duarte_kim_R1 { August 18, 2007]



24 of 33

0.15 - ™

@ -E Standard GFEM (1
a =8 GFEM''(1)
A-—A Standard GFEM (3
A—A GFEM'(3)
G —© Standard GFEM (5
GFEM"' (5)

0.07)

0.05

Relative Error in Energy Norm

0.03}

0.02 1 L I R NS ) kbl
100 1000 10000

CPU time(s)

Figure 12. E ect of number of local problems on the performan ce of the GFEM 9'. The number
enclosed by parentheses in the legend represents the numbebf cracks in the global domain.

mechanics problems are used to illustrate the main ideas ofnie procedure. The approach is,
however, not limited to this particular application.

The main features of the generalized FEM with global-local enichment functions are
summarized below.

The procedure accounts for possible interactions of localnear crack for example) and
global (structural) behavior. This is in contrast with stan dard global-local FEM [37]
which is broadly used in many engineering applications of te FEM;

Local features, like crack fronts, are several orders of mamtude smaller than the size
of the domain of interest (a complex structure, for example) The mesh density required
in the neighborhood of a crack front is several orders of magtude larger than in parts
of the domain with smooth solutions. As a result, mesh re nenents at the crack front
usually propagate beyond the region of interest in order to ceate a conforming global
mesh. In the GFEM 9, this problem does not exist since the re nement is done onlyin
the local domains. Therefore, no matter how re ned the localdomains are, no re nement
is performed in the, usually large, global problem.

The ability to transition between discretizations with arb itrarily distinct mesh densities
is also important when dealing with multiscale problems.

Other approaches used to incorporate a very re ned mesh intoa coarse one are, for
example, mortar elements and Lagrange Multipliers L1, 28, 42, 57]. Lagrange multiplier
methods P] lead to a saddle point problem and the Babwska-Brezzi condgtion [12, 38]
must be satis ed for stability;

The computation at local problems can be parallelized withait di culty allowing the
solution of large problems very e ciently. This feature of t he methodology is related to
the various domain decomposition techniques available inhe literature [9, 11, 13, 46, 48];
The size of the global problems solved with the proposed apach is almost independent
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of the resolution used to resolve the local features. This hgpens because the number
of degrees of freedom added to the global problem doe®t depend on the number of
degrees of freedom used in the local problems. It depends gnbn the number of global
nodes enriched with local solutions; This is in contrast wih the s-version of the FEM
[27, 31, 43] in which shape functions from local meshes superposed on ¢ofal mesh are
used in the solution of the global problem;

The computation of the solution of the enriched global probem, u§, can be done very
e ciently once the coarse global problem has been solved (CfSectionl.2). This can lead
to substantial savings in computations when solving, for eample, crack propagation or
time dependent problems;

In this paper, local problems are solved with the GFEM. Howeve, it is possible to utilize
other approaches and paste the local solutions using the pétion of unity of the global
problem as presented here.

The main conclusions of this analysis presented in this papeare as follows:

The integration of global-local enrichment functions can be done exactly using the meshes
of the local problems which are nested in the global mesh. Thaumerical experiments
presented in Section4.3 show that this procedure can be e ciently implemented;
Boundary conditions for local problems are obtained from tre solution of an initial
(crude) global problem, u%. In Section 4.1.1 we demonstrate that the e ect of these
inexact boundary conditions on the accuracy of the enrichedylobal solution, u§, is not
signi cant.

The numerical experiments presented in Sectiord.1.2 show that the quality of the
enriched global solution, u§, is also not signi cantly a ected by the size of the local
domains. This allows us to use local domains with only one lagr of elements around
crack fronts;

The information transfer between local (ne) and global (coarse) scales using the
partition of unity framework is very e ective, as demonstrated in Section 4.2. We show
that the global problem converges at least as fast as the lo¢aroblems;

A detailed cost analysis of the GFEM with global-local enrichment functions is presented
in Section 4.3. The numerical experiments show that even when analyzing sttionary
cracks on a serial computer, the GFEM with global-local enriiment functions has the
potential to be more e cient than the FEM or the standard GFEM.

APPENDIX

I. Computational Implementation

In this appendix, we present some details of the numerical implementation of the proposed
GFEM with global-local enrichment functions.

|.1. Construction of Local Discretizations

Discretizations for local problems de ned in a neighborhoa of a crack front are constructed
as follows. We restrict the de nitions to the case of a globaldiscretization with crack fronts
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located along element boundaries, like the case shown in Rige 3(a). A situation like that
shown in Figure 1, in which the crack front is arbitrarily located in the mesh, can be dealt
with analogously. We also assume that a single local problenis de ned for each crack in
the domain. Extensions to multiple, smaller, local problemsper crack are not di cult. The
e ectiveness of using more than one local problem per crackrént and their parallel solution
is the subject of our future work.

Let Itont denote the indices of all nodes from the global mesh locatedli@ng crack front

front - Local meshes are created using elements extracted from thglobal mesh around the
crack front. A local domain corresponding to a mesh with one dyer of elements around the
crack front is given by [

nlay =1 — |

loc
21 front

where! is the union of (copy of) global elements sharing vertex nodex ; 21 font . NOte
that [;"ZW = contains the entire crack front. Local domains with additional layers of elements
around the crack front are de ned analogously. The mesh comesponding to a local domain
with m layers of elements around the crack front is given by the unia of (copy of) the mesh
with m 1 layers and global elements sharing a vertex node in the meshith m 1 layers.

Figure 3(b) illustrates a local domain extracted from the global mesh sbwn in Figure 3(a).

Local Re nement Around a Crack Front A local discretization with one level of mesh
renement (L} -;. niay ) @round a crack front is performed by rst bisecting, in the i nitial

mesh, all elements with nodes on the crack front and then bisgting additional elements in order
to recover a conforming discretization. The marked-edge gorithm [1, 8] is used to select the
re nement edges of the elements. This procedure is repeated 1 times for a re nement level
nref = n. The initial mesh extracted from the global mesh correspond to nref = 0. Figure

3(c) shows an example of the application of this algorithm to the bcal mesh shown in Figure
3(b). This local mesh re nement algorithm preserves the nestingof local elements into the
global mesh. This greatly facilitates the computational implementation and provides many
opportunities for optimization of the code.

1.2. Solution of Enriched Global Problem

In the last step of the proposed GFEM, the global problem is eniched with the solution of a
local problem using Equation (10). The solution of the local problem shown in Figure 3(d),
Ujoc, is used as an enrichment function for the global (coarse) mblem shown in Figure 3(a).
A large number of degrees of freedom may be used in the computan of u,c.. However,
only three degrees of freedom are added to each global nodetle coarse mesh enriched with
Uiec, When solving the elasticity equations in three dimensionsin addition, the degrees of
freedom associated with global-local enrichments are hiarchically added to the initial global
problem, i.e., all initial global shape functions remain urmodi ed in the global problem. Several
approaches can take advantage of these properties of the adned global problem and, as
demonstrated below, the computation cost of the enriched gibal global solution u§ is small.
At least two approaches can be used to e ciently compute u:

(i) Iterative solvers designed for a sequence of linear systeni$4];
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(i) Re-use of the factorization of the global matrix associatedwith the initial (coarse) global
problem.

In this section, we illustrate the last approach for the case of a linear quasi-static
problem solved with a direct solver. The procedure involvesstandard matrix partitioning and
condensation of degrees of freedonb§]. Extensions to non-linear problems are also possible,
since in this case the problem can be solved as a sequence akhr problems.

Let

Kgug=F¢

and

Kgug=F¢
denote the systems of equations associated with the initial(crude) and enriched global
discretizations, respectively. Vectors u § and F§ can be partitioned, using the hierarquical
property of the enrichment functions, as follows
.
ug = [eg udl
- -
FE = [RSFET
where &2 are degrees of freedom associated with the initial (coarselobal discretization and

g(g;" are degrees of freedom associated with global-local hiem@rical enrichments. The enriched
global matrix can then be written as

0;g-l 0 0
E é—l;o E §|g i?i-l = Ezgl (12)
whereK 291 = K g'° !
From the rst equation above we have .
ed =(K¢8) 1hF8 Y (13)
Substituting the above in the second equation of {2)
CEOKE) RS KU Kl - R
hK Ik EOKQ) K g:g-" ud'=rg KIKQ) *FS
Rgug =g (14)

where h i

and _
Ibg—l — Fg—l Kg—I,O(Kg) 1F8

1we underline, e.g., the vector of degrees of freedom g% to distinguish it from the three-dimensional

displacement vector ug = N u_g, where N is a matrix of GFEM shape functions.
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The computation of R &' and B involves forward and backward substitutions using the

factorization of K 2, the sti ness matrix of the initial (coarse) global discret ization. The system

of equations (L4) is very small since it involves only the enriched global-l@al degrees of freedom.
The computation of &2 using (13) also involves forward and backward substitutions using
the factorization of K . Therefore, the computation of the solution of the enriched global

problem, u §, can be done very e ciently once the coarse global problem ha been solved.

I.3. Numerical Integration of Global-Local GFEM Shape Func tions

In this section, we discuss how the proposed global-local eicshment functions can be integrated
accurately and e ciently. The basic idea is to integrate on the global mesh using the local
meshes. This is possible since these meshes are nested in gihgbal mesh, as discussed above.
Figure 13 illustrates the numerical integration scheme. Figure 13(a) shows a re ned local
problem where local solutions are available. These local &dions are used to enrich the
nodes on the crack front which are represented by the squareiFigure 13(b). The numerical
integration of the global element enriched with the local sdution is performed at the integration
points of the small elements which are nested in the global ement and originated from the
local problem as shown in Figurel3(b). We call these small elementdocal problem descendants

This procedure requires mappings from master coordinatesiia local problem descendant to
master coordinates in the global mesh. These coordinates arused in the computation of the
global partition of unity * in Equation (10). The mapping is implemented by rst computing
the global physical coordinates,x, at an integration point in a local problem descendant,
followed by the mapping of x to the master coordinates of an element from the global mesh.
No search of global elements containingk is required thanks to the nesting of meshes as
described above. The mapping to master coordinates can be oguted in closed form for
tetrahedral and triangular elements. The numerical experiments presented in Sectiord.3 show
that the overhead of these operations is small.

The integration order used on each local problem descendamiested in a global element is
taken as the maximum of (i) the integration order of the global element disregarding its global-
local enrichment functions and (ii) the integration order of the local problem descendant plus
one. The integration order from the local problem descendahis increased by one because the
local solution is multiplied by a global partition of unity w hich is a linear polynomial. The
above integration strategy provides exact integration of these GFEM shape functions.
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2The approach described above is not used in our current implement ation. The CPU time for the solution of
the enriched global problem reported in Section 4 includes the factorization of entire global matrix de ned in
(12).
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