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Abstract
A coupling between the hp-version of the generalized finite element method (hp-GFEM) and the
face offsetting method (FOM) for crack growth simulations is presented. In the proposed GFEM, adaptive surface meshes composed of triangles are utilized to explicitly represent complex three-dimensional
(3-D) crack surfaces. By applying the hp-GFEM at each crack growth step, high-order approximations
on locally refined meshes are automatically created in complex 3-D domains while preserving the aspect ratio of elements, regardless of crack geometry. The FOM is applied to track the evolution of the
crack front in the explicit crack surface representation. The FOM provides geometrically feasible crack
front descriptions based on hp-GFEM solutions. The coupling of hp-GFEM and FOM allows the simulation of arbitrary crack growth with concave crack fronts independent of the volume mesh. Numerical
simulations illustrate the robustness and accuracy of the proposed methodology.
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1 Introduction
In industry, designers often utilize computational simulations of fracture mechanics problems in life prediction of engineering structures. Life prediction of engine components, structural members of aircraft
fuselage, riser pipes in offshore platforms and pipeline joints are examples of industrial problems in which
three-dimensional (3-D) computational fracture mechanics analysis is broadly applied. In these cases, crack
growth assessment is a major requirement, and engineering decisions must be based on accurate evaluation
of fracture mechanics quantities such as energy release rate and stress intensity factors [59, 60]. These
quantities are, in turn, dependent on the accuracy of the 3-D numerical analysis performed.
The finite element method (FEM) has been broadly used for many decades to perform crack growth
analysis of industrial complexity problems [21, 40, 61, 79, 80]. The application of the FEM to this class of
problems faces several issues regarding crack surface discretization and excessive computational cost [78].
In the FEM, it is a demanding task to fully automate the generation of meshes in complex 3-D geometries
satisfying discontinuities and aspect ratio requirements.
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Partition-of-unity methods [5] such as the Generalized FEM (GFEM) [14] and the eXtended FEM
(XFEM) [71] are promising techniques to overcome the shortcomings of the standard FEM in crack growth
simulations. In these methods, discontinuities in the solution can be represented via suitable enrichment
functions coupled with geometrical descriptions of crack surfaces, which are independent of the volume
mesh. The elements have no requirement to fit the crack surface. This feature of the partition of unity
methods greatly facilitates mesh refinement, which can be easily applied in localized regions of the discretization. A survey of 3-D crack growth modeling with partition-of-unity methods is presented in [57].
When applied to three-dimensional fracture mechanics problems, partition of unity methods usually
rely on a computational geometry technique to represent the crack surface and the enrichment functions
that are utilized to approximate the discontinuous and singular components of the solution. In this paper,
the methods used in the geometrical description of the crack surfaces are classified into two groups: implicit
and explicit.
Implicit methods use a three-dimensional volume mesh to represent a crack surface. In these methods
the fidelity of the crack surface description depends on the refinement of the volume mesh. One example of
this type of crack surface representation is the level set method [63]. Belytschko and co-workers coupled
the XFEM with level set method for static crack and crack growth simulations [26, 39, 71]. Sukumar
et al. [9, 70] have also introduced fast marching techniques to track the evolution of three-dimensional
crack surfaces in XFEM simulations. More recently, Duan et al. [12] introduced the element local level
set method for 3-D dynamic crack growth analysis with the XFEM. A detailed review of crack surface
representation with level set methods in XFEM simulations can be found in [18].
Other examples of implicit crack surface representation are the methods based on a collection of planar
cuts or crack planes in tetrahedral elements to represent a crack surface. According to Jäger et al. [28],
depending on the crack path tracking strategy, these methods can be subdivided into four categories: fixed,
local, non-local and global. The fixed crack tracking strategy is based on standard interface elements, e.g.,
cohesive elements, and requires the crack path to be known beforehand. In this case, the crack propagates
when the interface element, in the predetermined crack path, exceeds a critical failure stress. The local
crack tracking scheme can be regarded as a three-dimensional extension of the crack tracking strategy for
two-dimensional analysis. In this case, the crack growth is driven by the normal direction of the maximum
principal stress and represented by planar cuts in the tetrahedral elements. Each element has its own independent crack plane, which may lead to discontinuities in the overall crack surface representation due
to variations of crack plane normals between adjacent elements. In order to prevent these discontinuities,
Areias and Belytschko [2] proposed to adjust the planar cut provided by the maximum principal stress
according to the intersection points generated by the planar cuts of adjacent elements. In the non-local
tracking strategy proposed by Gasser and Holzapfel [23, 24], the crack surface in the neighborhood of the
crack front is smoothed out in a least-square sense by a post-processing corrector step. The element crack
planes on the neighborhood of the crack front are adjusted in order to provide a smooth crack front for each
crack growth step and, consequently, a smooth crack surface representation. The global tracking technique
introduced by Oliver et al. [45, 46] applies an auxiliary problem to trace the crack surface path. This tracking technique provides a continuously smooth crack surface by solving an auxiliary heat conduction-like
problem within the post-processing phase of the analysis. In this strategy, the crack surface is represented
by an isosurface of the solution for the heat conduction-like problem which, in turn, is represented by a
collection of planes defined at the element level.
In the studies presented in [2, 12, 28], the overall solution of the problems solved with methods that
use implicit crack surface representation is not mesh dependent, as expected. However, the accuracy of
the crack surface representation is still mesh dependent since the crack surface is represented by the same
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mesh used for the solution of the problem. A remedy for this problem is to incorporate an auxiliary mesh of
same spatial dimension as the mesh used in the analysis process to represent the crack [54]. This requires
additional bookkeeping and computational cost in order to transfer information between meshes.
Explicit methods for crack surface representation in 3-D use a two-dimensional triangular/quadrilateral
mesh embedded in a three-dimensional space to represent the crack surface. By design, this type of representation provides a continuous crack surface with no extra computational cost related to the solution
of auxiliary problems. In this case, the crack surface can have an arbitrary shape and no volume mesh
refinement is required to improve the accuracy of the crack surface representation. Moreover, special geometrical features of the surface, such as sharp turns, which are very common in mixed-mode simulations,
can be easily represented without additional difficulties. The accuracy of crack representation is important for problems in which the physics depend on the shape of the crack surface, e.g. hydraulic fracture,
propagation with cohesive models, crack closure, and so forth. This methodology was successfully applied
in conjunction with the GFEM in [14, 15, 31, 32, 50, 51] as well as the element-free Galerkin method
[33]. More recently, the explicit method was extended to represent interfaces in fluid-structure interaction
problems using the XFEM [37].
The hp-version of the GFEM (hp-GFEM) [50] is a robust method that provides accurate solutions in
3-D crack growth simulations. In the hp-GFEM, adaptive surface meshes composed of triangles are utilized
to represent complex 3-D crack surfaces. At each crack growth step, this method allows automatic creation
of high-order approximations on locally refined volume meshes in complex 3-D domains. It also preserves
the aspect ratio of volume elements regardless of crack geometry. There is no requirement on the size of the
volume mesh elements to improve the accuracy of the crack surface representation. The size of the elements
in the explicit crack surface mesh can be modified without changing the size of the problem described by
the volume mesh. Furthermore, special features of the crack surface geometry can be easily represented
and preserved through the crack growth simulation.
The face offsetting method (FOM) [29] is a numerical technique which was originally developed to
track the evolution of 3-D surfaces of, e.g., burning solid propellants. In this paper, the FOM is adapted to
track the evolution of complex 3-D crack fronts. In addition, mesh smoothing and mesh adaptation are also
introduced for maintaining the quality and fidelity of the crack surface. Based on the hp-GFEM solution,
a new crack front position is predicted by the FOM. The FOM provides geometrically feasible crack front
descriptions by updating the vertex positions and checking for self-intersections of the crack front edges.
The hp-GFEM coupled with the FOM allows the simulation of complex crack growth independent of the
volume mesh. This work presents numerical simulations that demonstrate the robustness of the proposed
methodology.
The remaining parts of this paper are organized as follows. Section 2 presents a brief overview of the
hp-GFEM and the FOM for three-dimensional fracture mechanics problems. The target problem description and the crack growth model are described in Sections 3 and 4, respectively. Numerical examples to
verify and validate the proposed approach are presented in Section 5. Finally, Section 6 discusses the main
contributions and concluding remarks of this paper.

2 The hp-GFEM and FOM for crack growth problems
This section presents a brief overview of the hp-version of the generalized finite element method (hpGFEM) and the face offsetting method (FOM) for three-dimensional crack growth problems. A detailed
discussion on the accuracy, robustness and computational efficiency of the hp-GFEM for three-dimensional
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static fracture mechanics problem is presented in [50, 51]. A more general and detailed description of the
FOM can be found in [29].

2.1 Generalized Finite Element Method
2.1.1

GFEM - a brief overview

The generalized FEM [5, 13, 38, 42, 67] can be regarded as a FEM in which the shape functions are
constructed by applying the partition of unity concept [4, 16, 17]. It combines the systematic way of building discretizations from the standard FEM and the approximation function flexibility enjoyed by meshfree
methods [3, 6, 27, 35, 36]. In the GFEM considered here, a shape function φα i is built from the product of
a finite element Lagrangian shape function, ϕα , and an enrichment function, Lα i ,

φα i (xx) = ϕα (xx)Lα i (xx)

(no summation on α )

(1)

where α is the index of a node in the finite element mesh. Figure 1(a) illustrates the construction of GFEM
shape functions.
The linear finite element shape functions ϕα , α = 1, . . . , N, in a finite element mesh with N nodes
constitute a partition of unity, i.e., ∑αN =1 ϕα (xx) = 1 for all x in a domain Ω discretized by the finite element
mesh. This is a key property used in partition of unity methods. Linear combinations of the GFEM shape
functions φα i (xx), α = 1, . . . , N can represent exactly any enrichment function Lα i .
Several enrichment functions can be hierarchically added to any node α in a finite element mesh. Thus,
if DL is the number of enrichment functions at node α , the GFEM approximation, u hp , of a function u can
be written as
N

u hp (xx) =
=

∑

DL

∑ u α i φα i (xx) =

α =1 i=1
N

DL

α =1

i=1

N

DL

∑ ∑ u α i ϕα (xx)Lα i(xx)

α =1 i=1

N

∑ ϕα (xx) ∑ u α i Lα i (xx) = ∑

α =1

(2)

ϕα (xx)uuαhp (xx)

where u α i , α = 1, . . . , N, i = 1, . . . , DL , are nodal degrees of freedom and u αhp (xx) is a local approximation
of u defined on ωα = {xx ∈ Ω : ϕα (xx) 6= 0}, the support of the partition of unity function ϕα . In the case
of a finite element partition of unity, the support ωα (often called cloud) is given by the union of the finite
elements sharing a vertex node x α [13]. The equation above shows that the global approximation u hp (xx) is
built by pasting together local approximations u hp
α , α = 1, . . . , N, using a partition of unity. This is a concept
common to all partition of unity methods.
2.1.2

hp-GFEM for fracture mechanics problems

L
The local approximations u αhp , α = 1, . . . , N, belong to local spaces χα (ωα ) = span{Liα }D
i=1 defined on
the supports ωα , α = 1, . . . , N. The selection of the enrichment or basis functions for a particular local
space χα (ωα ) depends on the local behavior of the function u over the cloud ωα . In the case of fracture
mechanics problems, the elasticity solution u may be written as

u = ûu + ũu˜ + ŭu
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(3)
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(a) GFEM shape function.

(b) Crack front coordinate system.

Figure 1: Construction process for GFEM shape functions and crack front coordinate system.

where ûu is a continuous function, ũu˜ is a discontinuous function but non-singular and ŭu is a discontinuous
and singular function. This a priori knowledge about the solution u is used below to select basis functions
for a local space χα (ωα ).
The selection of enrichment functions is based on the position of the cloud ωα with respect to the crack
surface. The local approximation can be subdivided into three distinct sets:
Local high-order approximation for continuous functions Let Ic denote a set with the indices of
clouds ωα that do not intersect either the crack surface or the crack front. In this case, a local approximation,
x), of u over ωα can be written as
ûuhp
α (x
D̂L

ûuαhp (xx) = ∑ ûu α i L̂α i (xx)

(4)

i=1

where D̂L is the dimension of a set of polynomial enrichment functions of degree less than or equal to
L
p − 1. Our implementation follows [13, 42] and the set {L̂α i }D̂
i=1 for a cloud associated with node x α =
(X1α , X2α , X3α ) is given by



(X1 − X1α ) (X2 − X2α ) (X3 − X3α ) (X1 − X1α )2 (X2 − X2α )2
D̂L
,
,
,
,
,...
(5)
L̂α i i=1 = 1,
hα
hα
hα
hα2
hα2
with hα being a scaling factor [13, 42]. These enrichment functions are identical to those defined in [13].
The corresponding generalized FE shape functions, φ̂α i , at a node x α , are polynomials of degree p given by

φ̂α i (xx) = ϕα (xx)L̂α i (xx)

i = 1, . . . , D̂L
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(no summation on α )

(6)

Local high-order approximation for discontinuous functions Let Ic-f denote a set with the indices of
clouds ωα that intersect the crack surface but not the crack front. In this case, the solution u over ωα has
continuous and discontinuous non-singular parts. A local approximation, u αhp (xx), of u over ωα , α ∈ Ic-f ,
can be written as
D̂L

D̃L

i=1

i=1

u αhp (xx) = ûuαhp (xx) + H ũuαhp (xx) = ∑ ûu α i L̂α i (xx) + ∑ ũu α i H L̂α i (xx)
where H (xx) denotes a discontinuous function defined by

1 if x ∈ ωα+
x
H (x ) =
0 otherwise

(7)

(8)

ωα+ is the part of the cloud ωα located above the discontinuity (cf. Figure 1(a)). ûuαhp (xx) and ũuαhp (xx) are local
approximations of ûu and ũu, respectively, and L̂α i is a polynomial enrichment function of degree less than or
equal to p − 1 as previously defined.
The analysis of through-the-thickness cracks presented in [15] shows that the continuous and discontinuous components of the solution u should be approximated using the same polynomial order. Thus, we
take D̃L = D̂L in all computations presented in Section 5.
Based on the above, the generalized FE shape functions of degree less than or equal to p used at a node
x α , α ∈ Ic-f , are given by

D̂L
Φ αp = φ̂α i , φ̃α i i=1
(9)

where φ̃α i = H φ̂α i and φ̂α i is defined in (6). The enrichment functions H L̂α i (xx), i = 1, . . . , D̂L , are called
high-order step functions [15, 50].

Crack front enrichment functions Let Ifront denote a set with the indices of clouds ωα that intersect
the crack front. In this case, terms from the asymptotic expansion of the elasticity solution near crack
fronts are good choices for enrichment functions. Two dimensional expansions of the elasticity solution are
commonly used as enrichment functions for three-dimensional cracks in finite size domains [13, 14, 39, 71].
As a consequence, a sufficiently fine mesh must be used around the crack front in order to represent the
three-dimensional solution effect and achieve acceptable accuracy. A local approximation, ŭuαhp (xx), of u
over ωα , α ∈ Ifront , is defined as

 ξ ξ
1
1
θ
)
ŭ
(r,
L̆
2
αi αi

 ξ2 ξ2
ŭuhp
(10)
α = ∑  ŭ α i L̆α i (r, θ ) 
i=1

ξ

ξ

ŭ α3i L̆α3i (r, θ )

where ξ1 , ξ2 and ξ3 are directions in a curvilinear coordinate system defined along the crack front, and r,
θ and ξ3 are curvilinear cylindrical coordinates, as illustrated in Figure 1(b). ŭ ξα1i , ŭ ξα2i and ŭ ξα3i are degrees
of freedom in the ξ1 −, ξ2 − and ξ3 − directions, respectively. Here, the degrees of freedom are scalar
quantities, in contrast with those used in the previous local approximations.
The enrichment functions used to approximate displacement fields in the ξ1 , ξ2 and ξ3 directions are
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given by [13, 14, 41, 43, 50]
ξ
L̆α11 (r, θ )
ξ

L̆α21 (r, θ )
ξ

L̆α31 (r, θ )
ξ

L̆α12 (r, θ )
ξ

L̆α22 (r, θ )
ξ

L̆α32 (r, θ )



√
1
3θ
θ 1
=
r (κ − ) cos − cos
2
2 2
2


√
θ 1
3θ
1
=
r (κ + ) sin − sin
2
2 2
2
√
θ
=
r sin
 2

√
3
θ 1
3θ
=
r (κ + ) sin + sin
2
2 2
2


√
3
3θ
θ 1
=
r (κ − ) cos + cos
2
2 2
2
√
3θ
=
r sin
2

(11)

where the material constant κ = 3−4ν and ν is Poisson’s ratio. This assumes plane strain conditions, which
is in general a good approximation far from crack front ends. The above enrichment functions correspond
to the first term of the modes I and II, and to the first and second terms of the mode III components of
the asymptotic expansion of elasticity solution around a straight crack front, far from the vertices and for a
traction-free flat crack surface [72]. More details about the geometrical approximation of the crack front as
well as the definition of the crack front coordinate system can be found in [51].
Generalized FEM shape functions built with the enrichment functions (11) must be integrated with care.
In the numerical examples presented in this work, this is achieved by using strongly graded meshes at the
crack front and an appropriate number of integration points. A detailed study of numerical integration and
computational performance of these functions is presented in [48].
Partition of unity shape functions are linear dependent when, for example, both the partition of unity
and the enrichment functions span polynomials [13, 66, 75]. This is the case of the GFEM shape functions
defined in (6). Algorithms to deal with these linear dependences are described in [13] and an approach to
avoid them is proposed in [76]. In this paper, the linear dependencies of the global system of equations are
handled using the algorithm presented in [13].
Localized h-refinement Analytical enrichment functions, such as (11), are not able to deliver accurate
solutions on coarse three-dimensional meshes when the crack front has a complex geometry. Localized
mesh refinement must be applied in order to overcome this limitation [19, 50, 51]. Although these analytical enrichment functions require localized mesh refinement, the size of the elements along the crack front
in typical hp-GFEM meshes is usually one order of magnitude larger than the size of the crack front elements in standard FEM meshes [51]. A detailed convergence analysis on the hp-GFEM applied to fracture
mechanics problems and on enrichment functions for curved crack fronts with localized h-refinement can
be found in [50] and [51], respectively.
Localized refinement and unrefinement can be easily applied in crack growth simulations with the
GFEM. In the GFEM models for fracture mechanics, the elements in the volume mesh need not fit the
crack surface and the crack surface representation is independent of the volume mesh. Numerical examples
in Section 5 illustrate this feature of the method.
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Crack surface representation In the hp-GFEM adopted in this paper, the crack surface is represented
by flat triangles with straight edges [50] as illustrated in Figures 6 and 19. Thus, curved crack fronts
are approximated by straight line segments. The fidelity of this approximation can be controlled by simply
using a finer triangulation of the crack surface. This process is independent of the GFEM mesh and does not
change the problem size [50]. The explicit crack surface representation provides geometrical information
for the construction of crack front coordinate systems and crack front enrichment functions, such as (11).
The computational geometry aspects of this construction are presented in detail in [51].
This work extends the formulation of the face offsetting method (FOM), introduced in [29], to track the
evolution of the crack front in crack growth simulations. The next section presents a brief introduction of
the method and the main FOM techniques applied to crack front evolution.

2.2 The face offsetting method for crack growth
2.2.1

FOM - a brief overview

The face offsetting method (FOM) [29] is a numerical technique used to track the evolution of explicit
surfaces. It is an alternative to the level set method [63] that has been broadly used in the extended finite
element method context [26, 54, 68]. Given the current position of a surface Γ and either a velocity field
v (xx,t) : Γ × R → R3 or a normal speed f (xx,t) : Γ × R → R, the FOM determines the new position of a movx
dxx
x
x n x
ing surface at time t + ∆t by integrating the Lagrangian equations dx
dt = v (x ,t) or dt = f (x ,t)n (x ,t), where
n denotes the unit normal to the surface. The FOM solves these equations using a geometric construction
based on the Generalized Huygens’ or shell-of-influence principle for moving interfaces [29]. It first propagates the faces using a standard time integration technique. At each vertex v, let ni denote the normal to
the ith face incident on v after time integration, and M = ∑i n i n Ti denote the “normal covariance matrix” at
v. FOM determines the new position of v by performing an eigenvalue analysis of M and then solving the
normal and tangential motions simultaneously. During surface evolution, the FOM also redistributes the
vertices to maintain or improve the quality of the surface mesh. It also checks for self-intersection to avoid
misrepresentation of the evolving surface. Compared to the level set method, FOM has the advantages of
being able to capture sharp turns in surfaces and to be generalized to non-manifold surfaces (such as in
branching cracks). More details about these techniques can be found in [29].
In our crack-growth simulations, the crack surface evolution is represented by a sequence of crack front
steps using explicit crack surface representation presented in [50, 51]. The crack front vertices, edges, and
their incident faces are the only parts of the surface that control its evolution throughout the simulation. In
this paper, we adapt the face offsetting method (FOM) to track the evolution of these crack fronts. Two key
features of the original FOM method are utilized and adapted here: 1) the prediction of self-intersection
and adaptation of time step, and 2) the smoothing and adaptation of the surface mesh along the tangential
direction. We hereafter describe these two aspects in more detail.
2.2.2

Crack advance limit

FOM checks the crack front for self-intersection at each step of the crack growth simulation and provides geometrically feasible crack front and crack surface descriptions. For the purpose of detecting selfintersections, consider each vertex on the crack front v j moving along a straight line from its current position
p j with advance vector d j , which is based on the solution computed by the hp-GFEM method presented in
Section 2.1.2 and the crack growth criterion presented in Section 4. The line segment can be parameterized
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by q j = p j + β d j , 0 ≤ β ≤ 1. As illustrated in Figure 2, consider a triangle p1 p2 p3 incident on a vertex
on the crack front. We refer to such a triangle as a crack front face. Let q j = p j + β d j , 1 ≤ j ≤ 3 denote
these three vertices with a partial increment of β d j , where d j = 0 for the vertices not on the crack front.
The condition to prevent self-intersection of the crack front can be then regarded as the limit of the crack
increment β d i that avoids the reversal of the orientation of the crack front faces and of the crack front curve.
It therefore suffices to determine a β that prevents such reversals.
We first consider the orientation of the crack front faces. Let qi− j denote qi − q j (and similarly for pi− j
and d i− j ). The normal to the triangle q 1 q 2 q 3 with the partial displacements β d j is then
q 2−1 × q 3−1 = (pp2−1 + β d 2−1 ) × (pp3−1 + β d 3−1 )
= β 2 (dd 2−1 × d 3−1 ) + β (dd 2−1 × p3−1 + p2−1 × d 3−1 ) + p2−1 × p3−1
= β 2c2 + β c1 + c0,

(12)

where c 0 is the normal to the crack front face when β = 0. The orientation of the crack-front face cannot
be flipped if β is between 0 and the smaller positive solution to the quadratic equation

(13)
c T0 β 2 c 2 + β c 1 + c 0 = 0.
stepi+1

p1 p2 p3
stepi

p0

q1 q2 q3
p1

p3

q1
p2

βd j

vj
Y

q0

pj

q3

q2
vj

qj

X

Z

crack front

Figure 2: Illustration of crack advance limit formulation. The triangles on the right denote triangles with partial
displacement increments.

To check the orientation of the crack front curve, consider two consecutive crack front edges p0 p1 and
p 1 p 2 , and let q j = p j + β d j , 0 ≤ j ≤ 2. Let t denote the average tangent direction at the vertex computed as
kqq2−1 kqq1−0 + kqq1−0 kqq2−1 . We require that β be small enough such that the tangent vectors q 1−0 and q 2−1
are not flipped with respect to t . This is achieved by requiring β to be smaller than the positive solution to
the equation p 1−0 ·tt + β d 1−0 ·tt = 0 and also than the positive solution to the equation p 2−1 ·tt + β d 2−1 ·tt = 0.

After evaluating β for all crack front faces and edges, let α be the smaller value between 1 and the
smallest β (or a fraction of the smallest β to tolerate roundoff errors) along the crack front. Hereafter, α
is denoted as the crack advance limit. If α = 1, then there is no local self-intersection in the crack surface
after propagation. If α < 1, we multiply the crack front advance vectors d by α for all the vertices to obtain
a self-intersection-free crack front. We apply this procedure in Step 6 of the algorithm described in Section
9

4.3.
2.2.3

Crack front update and optimization of crack surface mesh

In crack growth simulations with explicit crack surfaces, the crack surface mesh must be updated as the
front is propagated. In this work, we use two techniques, referred to as propagate and extrude (PAE) and
propagate and smooth (PAS), respectively. These techniques are illustrated in Figure 3. The details of these
techniques as well as the criteria to select them are presented as follows.
Propagate and extrude (PAE) In the first technique, we “extrude” the vertices and edges of the crack
front to create a new layer of faces. We create faces in two modes. In the first mode, we first clone a vertex
for each vertex on the crack front (cf. Figure 3). The coordinates of these cloned vertices are set to the
new crack front position computed in Step 6 of the algorithm presented in Section 4.3. We add an edge
between the original and cloned vertices and also between adjacent cloned vertices. These vertices and
edges constitute a layer of quadrilaterals. We then divide each quadrilateral into two triangles by adding an
edge along a diagonal (such as from upper-left corner to the lower-right corner). This mode preserves the
number of vertices on the crack front.
In the second mode, we allow refining the crack front if an edge is longer than some user-specified
threshold. In particular, we first create a layer of quadrilaterals as above. If an edge on the new crack front
is too long, then we subdivide its corresponding quadrilateral into three triangles by adding a vertex at its
mid-point and connecting it with every vertex of the quadrilateral (cf. Figure 3).
After extrusion, the triangles next to the crack front may be poorly shaped if the time step is too
small compared to the edge length. These poorly-shaped triangles can adversely affect the accuracy of
the computed normal directions of the crack front. To resolve this issue, after generating a layer of faces
we further optimize the quality of the mesh. We use the variational smoothing technique presented in
[30], which optimizes the triangles against some “ideal” reference triangles by moving the vertices while
preserving special features of the surface geometry (such as sharp turns in the crack surface). We refer
readers to [30] for more detail about the technique, but hereafter we describe the selection of ideal triangles.
In a typical setting, an ideal triangle is equilateral. However, in PAE the extruded edges are nearly orthogonal to the front, so right triangles are more desirable. For simplicity, if no edge splitting is performed,
we set the ideal triangle to be right triangle with a leg ratio of two, so that each extruded edge is about
half as long as its incident front edges. If edge splitting is performed, we choose the ideal right triangles
to be isosceles. For the triangles in the interior of the crack surface that have no layered structures, we
use equilateral triangles as the ideal triangles. To distinguish these different types of triangles, we tag the
triangles during extrusion based on their desired shapes and preserve these tags during the course of the
simulation.
Propagate and smooth (PAS) PAE adds a layer of faces, so the crack surface would have an excessive
number of triangles if it were invoked at every time step. To avoid the problem, we also allow propagating
the front by only moving the vertices on the crack front. As in PAE, the coordinates of crack front vertices
are updated with the new crack front position computed in Step 6 of the algorithm presented in Section
4.3. After moving vertices on the crack front, we then apply the variational smoothing described above to
improve mesh quality. If PAE has been invoked previously, we also use right triangles as the ideal triangles
during this variational smoothing to preserve the orthogonality of the extruded edges.
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Selection criteria In a typical simulation, we apply both PAS and PAE. PAE is applied when 1) the crack
advance is non-planar with respect to the immediate previous step, 2) the crack front advance is not reduced
by the crack advance limit procedure, or 3) a crack surface front refinement is needed, i.e. one of the crack
front edge lengths reaches a predefined length value limit. Otherwise, we apply PAS.
Interaction with boundary In most of the problems, the crack front is the boundary curve of the crack
surface and is closed by definition. However, a crack may be at the boundary of the solid, for which the
crack front is only a subset of the boundary curve, namely the subset that “cuts” the solid. Our technique
provides some preliminary supports for the interaction of the crack front with solid boundaries. In particular,
we allow the user to flag the vertices where the crack front intersects with the solid boundary. In PAE, these
vertices are extruded along the material boundary. The border vertices of the crack surface that are not
on the crack front are not propagated or extruded, but they are smoothed tangentially along the boundary
curve.
new layer
of faces

crack front
at stepi

stepi+1

stepi+1

PAE with front
refinement

PAS

stepi

PAE without front
refinement
new layer
of faces

crack front
at stepi

stepi+1

Figure 3: Crack front update.

3 Problem description
The methodology presented in Section 2 can be applied to several types of crack growth problems, e.g.,
dynamic crack propagation, fatigue failure assessment, crack growth with cohesive fracture models, and so
on. For simplicity and without loss of generality, the class of problems selected to verify the methodology
presented here is the fatigue crack growth in three-dimensional solids. The problem consists of a threedimensional body subjected to cyclic loading with an existing embedded or surface breaking crack. Figure
4 schematically illustrates our target problem.
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Figure 4: Fatigue problem.

Fatigue crack growth analysis is a problem of probabilistic nature which is of great importance in engineering. Most of the equations utilized to describe fatigue crack growth behavior are based on observations
of the physical phenomenon and extensive material testing. These equations are crucial for the design of
engineering structures in which the assessment of fatigue failure is a major requirement. Some example of
these structures include aircrafts, rockets, engines, pressure vessels, and bridges.
Depending on the type of load, material behavior and environmental influences, there are several classes
of fatigue behavior [60]. This work focuses on the simulation of stable crack growth under high-cycle
fatigue. In the high-cycle fatigue mechanism, the loads are generally low compared with the limit stress
of the material, i.e. small-scale yielding occurs. As a consequence, the stress state around the crack front
can be fully characterized by linear elastic fracture mechanics. Other assumptions in the high-cycle fatigue
problems analyzed in this work include: cyclic loading with constant amplitude, f¯max > 0 and f¯min ≥ 0 (cf.
Figure 4) and quasi-static crack growth.
From a macro-scale point of view, high-cycle fatigue can be regarded as a quasi-static phenomenon.
Moreover, the crack growth mechanism in high-cycle fatigue can be characterized by linear elastic fracture
parameters, e.g. the stress intensity factors [59]. Therefore, a robust and accurate method to analyze linear
elastic fracture mechanics problems, such as the hp-GFEM presented in Section 2 and described in more
details in [50], is essential for a successful fatigue crack growth simulation.

4 Crack growth model
A high-cycle fatigue crack growth simulation is an incremental process in which a sequence of linear elastic
fracture mechanics steps is repeated in order to describe the evolution of the crack front. Each increment
step is dependent on the crack problem solution and crack front prediction of previously computed steps.
Therefore, an accurate solver together with a robust criterion for the crack front advance prediction are
required for a successful crack growth simulation.
During the simulation, the crack growth criterion has to be able to provide the amount and direction of
crack advance, and the lifetime of the structure. In three-dimensional elastic fracture analysis, the stress
12

state at the crack tip is fully characterized by the stress intensity factors for modes I, II, and III, i.e. KI , KII ,
and KIII . They can be used to describe the fatigue crack growth behavior and assess fatigue failure. This
section presents the fatigue crack growth model utilized in the present work to drive the evolution of the
crack front along the simulation.

4.1 Crack growth direction - Schöllmann’s criterion
In three-dimensional mixed-mode crack problems, the crack deflection is represented by a kinking angle
and a twisting angle as illustrated in Figure 5. There are only a few criteria to estimate the direction of
the crack growth in 3-D. The criteria developed by Sih [64], Pook [52], Schöllmann [62] and Richard [58]
are listed as the most important ones. According to a detailed study about three dimensional crack growth
criteria presented by Richard et al. in [58], the criteria proposed by Sih and Pook are not able to incorporate
the effect of mode III in the first deflection angle, θ0 (see Figure 5), and, therefore, are not suitable for the
prediction of three-dimensional mixed-mode crack growth orientation.
−ψ0

θ0

Figure 5: Crack deflection angles θ0 and ψ0 for three-dimensional mixed-mode crack problems [58].

In this work, Schöllmann’s criterion [62] is adopted. A detailed formulation of Schöllmann’s criterion
can be found in [62]. This criterion assumes that crack growth occurs in the direction of a maximum prin′
′
cipal stress σ1 , also called special principal stress [58]. σ1 is a principal stress where the radial components
of the stress tensor are neglected. Such principal stress is determined on a virtual cylindrical surface around
the crack front and along a region of interest where the crack growth direction is computed. The maximum
′
principal stress, σ1 , is given by the following equation
′

σ1 =

σθ + σz 1 q
+
(σθ − σz )2 + 4τθ2z
2
2

(14)

where σθ and τθ z are the components of the stress tensor obtained by the superposition of all three fracture
modes described by the near-front solution in cylindrical coordinates r, θ , and z (cf. Figure 1(b)), given by

 

 
 
 
θ
θ
3θ
3θ
KI
KII
√
3 cos
3 sin
σθ =
+ cos
− √
+ 3 sin
2
2
2
4 2π r   2
4 2π r
(15)
θ
KIII
cos
τθ z = √
2
2π r
where KI , KII , and KIII are the stress intensity factors for modes I, II and III, respectively. Schöllmann’s
criterion also assumes that there is no contribution to the kinking angle from σz , i.e. σz = 0. The coordinates
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r and θ are polar coordinates on the crack front as illustrated in Figure 1(b). According to the assumption
of the crack growth direction, the crack deflection angle, θ0 is determined by
′

∂ σ1
∂θ

′

= 0 and
θ =θ0

∂ 2 σ1
∂θ2

< 0.

(16)

θ =θ0

There is no closed-form solution for the above formulation. Nonetheless, the prediction of the deflection
angle, θ0 , can be determined by either an optimization algorithm applied to Equation (14) or a root finder
algorithm applied to Equation (16).
Once the first deflection angle θ0 is determined, the second deflection angle ψ0 is defined by the orien′
tation of the principal stress σ1 and can be obtained by


1
2τ θ z ( θ 0 )
.
(17)
ψ0 = arctan
2
σ θ (θ0 ) − σ z (θ0 )
One can observe that Equation (14) includes the stress intensity factor for mode III, which indicates
that Schöllmann’s criterion is suitable for simulating three-dimensional cracks under general mixed-mode
loading. When KIII = 0, this criterion is equivalent to the criterion of maximum tangential stress proposed
by Erdogan and Sih [20]. Furthermore, Schöllmann’s criterion is well-suited for computational implementation of crack growth prediction and has been successfully implemented in standard FEM research codes
such as [61].

4.2 Crack front advance and fatigue life prediction - Paris-Erdogan equation
Fatigue crack growth rate is a complex non-linear equation of several variables. Laboratory experiments
and observation of structures under service loads have shown that the rate of crack increment with respect to
the number of load cycles, da/dN, is a function of the crack length, the state of stress, material parameters,
thermal, and environmental effects [65]. There are several empirical fatigue crack growth equations in
which all the effects mentioned above can be considered. This work focuses on the fatigue of macro-cracks
with cyclic loads of constant amplitude only. The growth equations utilized to describe this type of problem
are rather phenomenological than analytical. In the present study, Paris-Erdogan equation [47]
da
= C (∆K)m
dN

(18)

is used to predict the crack growth rate. In Equation (18), C and m are regarded as material constants,
∆K = (1 − R)Kmax is the stress intensity factor range in fatigue loading, where R is the ratio of minimum to
maximum loads applied in a cycle and Kmax is the stress intensity factor for the maximum load. In Equation
(18), ∆K takes into account mode I only.
In complex three-dimensional loading situations, Equation (18) should consider the mixed-mode effects. For this purpose, ∆K can be replaced by the cyclic comparative stress intensity factor, ∆Kν , given by
[58]
q
∆KI 1
∆Kν =
+
∆KI2 + 4(α1 ∆KII )2 + 4(α2 ∆KIII )2
(19)
2
2
where α1 = KIc /KIIc and α2 = KIc /KIIIc are the ratios of the fracture toughness of mode I to mode II and of
mode I to mode III, respectively. With α1 = 1.155 and α2 = 1.0, the fracture surface provided by Equation

14

(19) shows good agreement with the fracture surface provided by Schoolman’s criterion [58, 62]. Assuming
∆K = ∆Kν , Equation (18) provides a well-suited correlation between the crack-growth rate and the range
of the cyclic comparative SIF for the three-dimensional mixed-mode crack problem presented in Section 3.
In the incremental algorithm for fatigue crack growth, the maximum allowed crack front increment,
∆amax , is set at the beginning of each crack step. Since in three-dimensional mixed-mode crack simulation
the stress intensity factors may vary along the crack front and the fatigue growth is governed by (18), the
increments along the crack front must be applied accordingly. The maximum crack increment size, ∆amax ,
is applied to the crack front vertex that has maximum cyclic comparative stress intensity factor, ∆Kνmax . The
crack growth increments for the remainder of the crack front are computed by using the crack growth rate
and the number of cycles of the current step. Thus, for a given crack front vertex j, we have


m ∆amax
∆Kν j m
(20)
=
∆a
∆a j = C ∆Kν j
max
C (∆Kνmax )m
∆Kνmax
where ∆Kν j is the cyclic comparative stress intensity factor for the vertex j.
Assuming that the crack growth increment is small with respect to the crack length and other dimensions
of the analysis domain, the fatigue life estimate can also be computed in an incremental fashion. The
incremental form of Equation (18) for fatigue life prediction is given by
Ni = Ni−1 +

∆amax
C (∆Kνmax )m

(21)

where Ni and Ni−1 are the number of cycles in the current and previous steps, respectively.

4.3 Crack growth algorithm
This section describes the crack growth algorithm used in the numerical examples presented in Section 5.
The algorithm consists of an incremental process in which, at each step, a small crack advance is prescribed
and a linear elastic fracture mechanics problem is solved in order to describe the evolution of the crack
front. In the simulation, we assume that an initial crack already exists in the domain of analysis and the
parameters C, m, and R for the fatigue life equation (18) as well as the maximum applied load are given.
∆amax is set at the beginning of the simulation and can be defined as a function of the increment step i.
The crack growth algorithm is as follows. For each crack increment ∆ai , i = 0 . . . n, do:
1. Solve a linear elastic fracture problem using the hp-GFEM and the current representation of the crack
surface. The solution is obtained for the maximum load applied to the analysis domain. This step is
similar to solving a static problem like the examples discussed in [50]. In this step, h-refinement is
applied around the crack front for the current position of the crack front. In the next crack increment,
the mesh is unrefined until its initial configuration and a new h-refinement is applied around the new
position of the crack front. Hence, the mesh is always adapted to the current crack front position. In
a similar fashion, the non-uniform p-enrichment presented in [50] can also be applied as the crack
front evolves.
2. Compute the stress intensity factors (SIF) for modes I, II and III for each vertex along the crack
front for the maximum cyclic load, i.e. KImax , KIImax , KIIImax . The SIF can be extracted from the hpGFEM solution using, e.g., the contour integral method (CIM) or the cut-off function method (CFM)
[49, 72, 73].
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3. Compute the deflection angles θ0 and ψ0 for each vertex along the crack front based on the SIF
values computed at Step (2). The equations used in this step are presented in Section 4.1. One
can note that this step could be computed using either the maximum SIFs or the minimum SIFs
because the equations used in the computation of the deflection angles using the maximum SIFs or
the minimum SIFs differ only by a constant.
4. Compute the cyclic comparative SIF variation using Equation (19).
5. Compute the crack increment for each vertex along the crack front using Equation (20).
6. While proposed crack front position is not geometrically feasible, i.e. 0 < α < 1:
(a) Compute advance vectors, d j (cf. Figure 2), for all crack front vertices. These advance vectors
are computed using the results obtained from Steps (3) and (5). If available, the advance limit
parameter, α , computed in Step (6b) is applied to scale down the advance vectors. The deflections and the crack increment for each vertex as well as the advance limit parameter provide the
new crack front position.
(b) Use FOM to estimate the crack increment limit to prevent self-intersections
• If the crack increment exceeds the limit, return the estimated advance limit parameter, α ,
and go to Step (6a) to provide new advance vectors for the crack vertices. Section 2.2.2
describes the procedure to compute the advance limit parameter.
• Otherwise, update crack front position using either PAE or PAS and break while loop.
Section 2.2.3 describes the details of the crack front updates PAE and PAS.
7. i = i + 1 and if i < n, go to Step (1), otherwise, stop.
A similar sequence of steps is also performed in the research codes that use the standard FEM for
fatigue crack growth assessment such as FRANC3D [8], ADAPCRACK3D [61] and Zencrack [80]. The
main difference is that, in this work, we explore the flexibility of the hp-GFEM to efficiently build accurate
approximations at each crack step and evolve the crack surface without the mesh topology issues usually
found in crack growth simulations with standard FEM [77]. Another important feature of the proposed
approach is that the FOM is applied along the crack front to predict eventual self-intersections and to
ensure geometrically feasible crack front descriptions for each crack growth step.

5 Numerical examples
This section presents numerical analyses of three-dimensional fatigue crack growth problems using the
algorithm presented in Section 4.3. The numerical examples are solved using the hp-GFEM with the refinement and enrichment recommendations as well as the crack surface representation presented in [50, 51]. At
each crack increment in all examples, a static crack problem is solved with polynomial order p = 3 for both
continuous and discontinuous components of the solution (Equation (9)), crack front enrichment (Equation
(10)), and localized crack front refinement of Le /ao ≃ 10−2 , where Le is the size of a tetrahedron element
on the crack front and ao is the initial characteristic crack length.

16

5.1 Crack front self-intersection verification for FOM - Non-convex crack front
This example consists of a planar surface-breaking crack with non-convex crack front in a prism. Figure
6 illustrates the initial coarse tetrahedral mesh and the initial crack surface description. The geometric
parameters of the problem are L/ao = 2, ao /bo = 2, and ao /t = 1. E = 2.0 × 105 MPa and ν = 0.30 are
Young’s Modulus and Poisson’s ratio, respectively. The prism is subjected to a uniform tension cyclic
load, σ (t), on top and bottom surfaces of the domain as illustrated in Figure 6. The fatigue parameters are
C = 1.463 × 10−11 MPa−2.1 m−0.05 /cycle, m = 2.1, σmax = 1MPa and R = 0.

σ (t)
Crack front
Y

X

ao

L

bo
t
Crack surface
t

L

Figure 6: Non-convex crack front example - model description.

In this example, self-intersection of the crack front is imminent. The main goal here is to verify the face
offsetting method (FOM) for crack growth. The FOM provides geometrically feasible crack front descriptions by setting the crack advance limit that prevents self-intersection of the crack front. This simulation is
performed with n = 19 incremental steps and the maximum increment size is ∆amax = 0.05ao .
This example is subjected only to mode I throughout the simulation. In general, the effects of fatigue
tend to smooth out the crack front curvature such that the variation of the stress intensity factor KI is
reduced. Moreover, this simulation is likely to present the crack front tunneling effect, i.e. a curved crack
front configuration due to the variation of stress intensity distribution caused by the domain boundary.
Figure 7(a) shows the crack front position for each step of the fatigue crack growth simulation. The
crack front geometry is smoothed out due to the fatigue process. In this case, the crack front middle
propagates faster than the crack front ends. In addition, the tunneling effect is also observed after the crack
front becomes straight. Figure 7(b) plots the normalized mode I stress intensity factors along the crack front
for all steps during the simulation. The normalized stress intensity factor is defined as
K̄I =

KI
.
√
σ π ao
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(22)

As expected, the results show that the stress intensity factors are smoothed out due to the fatigue process.
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Figure 7: Crack front configurations and SIF values along the crack front for non-convex crack front.

(a) Step 0.

(b) Step 8.

(c) Step 18.

Figure 8: Non-convex crack front - localized mesh refinement around the crack front for three crack steps (top view).

The main goal of this example is to trigger the FOM self-intersection detection during the simulation.
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In the first step of the simulation, FOM predicted the self intersection and the crack increment was reduced
to ∆alimit = 0.93∆amax . This detection scheme prevents the creation of voids in the crack front and provides
geometrically feasible crack front representations throughout the simulation. The crack front geometry
results presented in Figure 7(a) are as expected. These results ensure that the FOM techniques applied to
track the crack front evolution do not affect the physics of the problem.
Adaptive high-order discretizations are automatically built for each crack step during the crack growth
simulation. These high-order discretizations are easily built using the hp-GFEM since the volume mesh
need not fit the crack surface. Localized mesh refinement and unrefinement are applied along the crack
front in order to provide a mesh refinement that follows the position of the crack front throughout the
simulation. Figures 8 and 9 illustrate the localized refinement applied along the crack front and a planar cut
through the mesh showing the von Mises stress at the mid front for steps 0, 8 and 18, respectively.

(a) Step 0.

(b) Step 8.

(c) Step 18.

Figure 9: Non-convex crack front - cut through von Mises stress solution at mid front (off diagonal view).

5.2 Validation against experimental results
This example consists of the fatigue simulation of a plate containing an inclined crack as illustrated in
Figure 10. The geometry of the plate model and the experimental data for the position of the crack front
throughout the simulation are provided in [55]. The material used for the plate specimen is the titanium
alloy Ti − 6Al − 4V . The cyclic load applied in the experiment is σmax = 172.37MPa with ratio of the
minimum to the maximum tensile loads R = 0.1. According to [55], the maximum tensile load is selected
such that the radius of the plastic zone around the crack front is approximately 0.25mm, i.e less than 10%
of the specimen thickness, therefore, the assumption of small scale yielding applies.
Figure 10 shows the dimensions of the model. In [55], the dimensions used in the specimens are
h = 102.4mm, w = 38.1mm, t = 3.175mm and a = 6.73mm. The slope of the crack with respect to the
y-axis is β = 43◦ (see Figure 10). To apply the cyclic load, the machine utilized in the experiments required
two sets of holes on the top and bottom regions of the plate height. Due to the lack of information about
the dimensions of the plate holes used in the experiments and in order to be able to assume a uniformly
distributed load at the ends of the plate, we adapted a plate model with a smaller height. As such, the
height of the plate model is set to be 2/3 of the height of the specimen and all other dimensions are the
same. Since the variation of the crack front increment through the thickness of the plate is not a concern
19
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Figure 10: Inclined crack model and crack growth steps.

in this simulation, we assume that the crack front remains straight throughout the simulation and the SIF
values along the front are constant and equal to the SIF values in the middle of the front. In [55], the
material parameters and the parameters for Paris-Erdogan equation (18) are not provided. In the numerical
simulation, we use Young’s modulus, E = 115 × 103 N/mm2 , and Poisson’s ratio ν = 0.32 as material
parameters and C = 1.251 × 10−11 (N/mm2 )−2.59 mm−0.295 /cycle and m = 2.59 as Paris-Erdogan equation
parameters for the titanium alloy Ti − 6Al − 4V . These parameters can be found in [1].

Figure 11 illustrates the GFEM mesh discretization for three steps of the inclined crack growth simulation. The proposed approach facilitates the automatic construction of strongly graded meshes around
the crack fronts along the simulation. Localized h-refinement is applied to the elements that intersect the
crack front. After propagating the crack fronts, the mesh is unrefined to its initial coarse configuration
(cf. Figure 10) and a new refinement is applied to the elements that intersect the new crack fronts in their
new positions. This procedure reduces the computational cost of the simulation by avoiding unnecessary
degrees of freedom in the discretization. The same procedure cannot be applied when the volume mesh is
used to represent the crack surface as in level set methods. In these approaches, all elements that intersect
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(a) Step 0.

(b) Step 8.

(c) Step 16.

Figure 11: Inclined crack - localized mesh refinement around the crack fronts for three crack steps (front view).
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Figure 12: Front view of crack configuration - experimental vs. numerical.
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the crack surface may have to be refined in order to provide an accurate crack surface representation. As an
example, the representation of the crack turn shown in Figure 11(c), requires a fine mesh around the crack
turning point.
In the proposed methodology, no volume mesh refinement is required to represent the special features
of the crack surface in the simulation. As illustrated in Figure 10, the proposed crack surface representation
is able to model the sharp turn in crack direction at the beginning of the simulation and keep this feature of
the crack surface throughout the simulation.
Figure 12 plots the crack front X and Y global coordinates using the experimental data provided by
[55] and the numerical results. The coordinates from the numerical results are based on the position of the
middle of the crack front during the simulation. The numerical results for the prediction of the crack path
show good agreement with the experimental results.

5.3 Verification of robustness - Wavy crack front
This example considers a planar crack with planar perturbations along the crack front, hereafter, referred
to as wavy crack. The analysis domain is a cube with dimension 2L and subjected to a uniform tension
cyclic load of maximum magnitude σmax = 1MPa perpendicular to the plane of the crack surface, i.e. zdirection, as illustrated in Figure 13. The geometric parameters of the crack surface are a0 /L = 0.25,
nwave = 6, ∆amax = 0.035a0 , and ε = 0.1, where a0 is the radius of the reference penny-shaped crack,
nwave is an integer parameter that defines the number of waves along the crack front, and ε is the crack
front geometry perturbation with respect to a penny-shaped crack. The fatigue parameters are C = 1.463 ×
10−11 MPa−2.1 m−0.05 /cycle, m = 2.1, and R = 0. This simulation is performed with n = 30 incremental
steps. E = 1.0 × 103 MPa and ν = 0.30 are Young’s Modulus and Poisson’s ratio, respectively. The main
objective of this numerical example is to show the evolution of the crack front geometry during the fatigue
process.
σ (t)

planar wavy crack
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a(θ )

2L

θ
X

top view

Figure 13: Wavy crack model description.
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right view

In this case, the crack surface is planar and perpendicular to the direction of the applied load and,
therefore, the crack is subjected only to mode I throughout the simulation. According to [10], experimental
observations indicate that the effects of fatigue tend to smooth out the crack front curvature such that the
variation of the stress intensity factor KI is minimized. Gao and Rice [22] presented a first-order accurate
solution for planar quasi-circular tensile cracks. In the case of wavy cracks whose front is described by
a (θ ) = a0 [1 + ε cos (nwave θ )]

(23)

the asymptotic solution for stress intensity factors KIasym. is given by


nwave a0
asym.
∞
KI
(θ ) = KI (a (θ )) 1 − ε
cos (nwave θ )
2 a (θ )

(24)

where θ is a parametric coordinate along the crack front, as illustrated in Figure 13, and KI∞ (a) is the stress
intensity factor for a penny-shaped in an infinite domain, which is given by
r
a
∞
KI (a) = σ
.
(25)
π
One can observe that KI∞ varies along the crack front. Lai et al. [34] presented a static solution of this
problem, i.e. n=0, using the boundary element method. A crack growth simulation using the XFEM
coupled with fast marching method was presented by Sukumar et al. in [69].
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Figure 14: Crack front configurations and SIF values along the crack front for wavy crack.

Figures 14(a) and 14(b) plot the crack front position for all steps during the simulation and the normalized mode I stress intensity factor for the first, K̄If irst , and last, K̄Ilast , steps of the simulation, respectively.
The normalized stress intensity factor is defined as
K̄Istep =

KIstep
KI∞ (a (θ ))
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(26)

where step is either the first or last step of the simulation. The results show that the wavy crack eventually
grows to a penny-shaped crack, which corroborates experimental observations. The ratio of the maximum to
f irst
f irst
the minimum radii of the crack front at the beginning and at the end of the simulation are amax /amin = 1.2
last
and alast
max /amin = 1.004, respectively. As expected, the variation of the SIFs is smoothed out as the crack
evolves. The ratio of the maximum to the minimum SIFs at the beginning and at the end of the simulation
f irst
f irst
last /K last = 1.01, respectively.
are Kmax
/Kmin
= 1.64 and Kmax
min

(a) Step 0.

(b) Step 15.

(c) Step 29.

Figure 15: Wavy crack - localized mesh refinement around the crack front for three crack steps (top view).

Figure 15 shows the GFEM mesh discretization for three steps of the wavy crack growth simulation. The
h-adaptive refinement and unrefinement procedure described in Section 5.2 is also applied in this example.
One can observe that the refinement along the crack front follows the crack front position throughout the
simulation.

5.4 Crack growth under mixed-mode - Inclined penny-shaped crack
This example consists of an inclined penny-shaped crack in a cube with dimension 2L. The cube is
subjected to a uniform tension cyclic load of maximum magnitude σmax = 1MPa along the y-direction,
as illustrated in Figure 16. The initial coarse mesh and the initial crack surface configuration are also
illustrated in Figure 16. The geometric parameters of the crack surface are a0 /L = 0.1 and β = π /4, where
ao is the radius of the initial crack and β is the slope with respect to the yz-plane. The maximum crack
front increment allowed in each step is ∆amax = 0.02a0 . In this case, the simulation is performed with
n = 38 incremental steps. The fatigue parameters are C = 1.5463 × 10−11 MPa−2.1 m−0.05 /cycle, m = 2.1,
and R = 0. E = 1.0 × 103 MPa and ν = 0.30 are Young’s Modulus and Poisson’s ratio, respectively. The
main objective of this numerical example is to show the evolution of the crack surface geometry during the
fatigue process.
According to experimental observation in fatigue crack growth, cracks tend to grow in a direction that
provides mode I dominance. In the inclined penny-shaped case, the fatigue process imposes a twist to the
crack front in order to make it perpendicular to the applied load. In addition, the crack front tends to remain
circular throughout the simulation. This example is a mixed-mode problem in which all three modes are
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Figure 16: Inclined penny-shaped crack model description.

present. The stress-intensity factors along the crack front in an infinite domain are given by [74]
KIin f . =
KIIin f . =
in f .
KIII
=


2
σ sin2 (β )
π
√
4
[σ sin(β ) cos(β )] cos(θ ) π a
π (2 − ν )
√
4(1 − ν )
[σ sin(β ) cos(β )] sin(θ ) π a.
π (2 − ν )

(27)

where θ is an angular coordinate on the crack plane that represents a position on the crack front. The same
problem was solved by Gravouil et al. in [26] with the XFEM coupled with the level set method and by
Sukumar et al. in [69] with the XFEM coupled with the fast marching method.
Figures 17(a) and 17(b) plot the variation of the SIFs along the crack front for the first and last steps
of the simulation, respectively. One can observe that the stress intensity factors (SIFs) for modes I, II, and
III in step 0 show good agreement with the SIFs for infinite domain, which ensures an accurate crack front
prediction for the next step. We can also observe that the SIF values for modes II and III vanish and the
SIF for mode I becomes dominant towards the end of the simulation.
Figures 18 and 19 show the top views of mesh refinement and off left views of the crack surface
representation, respectively, at different incremental steps. As the crack evolves, we can observe that the
crack front tends to become perpendicular to the axis of the applied load while keeping a circular shape.
These results also show that there is no need to a priori refine the mesh in the region of potential crack
growth, as proposed in [7]. This procedure would lead to substantial increase in problem size of this
example due to the nonplanar crack surface path.
Figure 20 shows a cut through the solution at different incremental steps. Thanks to the volume mesh
independence of the explicit crack surface representation adopted here and the integration subelements for
non-planar cracks presented in [50], the crack surface can assume an arbitrary shape inside of a volume
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Figure 17: SIFs variation along the crack growth simulation for inclined penny shaped crack.
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Figure 18: Inclined penny-shaped crack - localized mesh refinement around the crack front at various crack growth
steps (top view).

26

step 0

step 7

step 14

step 21

step 28

step 37

Figure 19: Inclined penny-shaped crack - crack surface representation at various crack growth steps (off left view).
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Figure 20: Inclined penny-shaped crack - cut through solution mesh at the center of the domain at various crack
growth steps (off left view).
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mesh with large elements. Moreover, special features of the crack surface, such as sharp turns, can be
represented with high fidelity regardless the sizes of the elements of the volume mesh. This feature may not
be important for the overall solution of the present problem, however, an accurate description of the crack
surface is crucial for crack problems in which the physics is dependent on the crack surface description.
Some examples of problems with crack surface dependent physics are crack growth driven by hydraulic
pressure applied to the crack surface, crack growth with cohesive models, cracks under compressive loads
and so forth.
Again, the hp-GFEM discretizations are automatically built at each crack step (cf. Figure 18). Mesh
refinement and unrefinement is applied along the crack front in order to provide a localized refinement
that automatically follows the crack front throughout the simulation. In contrast with standard FEM techniques, this process does not introduce additional computational cost to the simulation since there are no
requirements for the volume mesh to be conforming with the crack surface.
Mode III effects on crack path The effects of mixed modality on fatigue crack growth orientation and,
consequently, on the crack surface shape have been the main subject of study of several researchers for
many years. A detailed literature survey of mixed mode fatigue crack growth can be found in [56]. The
crack orientation for mixed mode problems with modes I and II is very well understood. Erdogan-Sih’s [20]
criterion, also called maximum tangential stress criterion or hoop stress criterion, is widely used for crack
path prediction in two dimensional simulations. However, three-dimensional effects on the orientation of
mixed mode fatigue crack growth is not fully understood. The effects of mode III in mixed mode fatigue
crack growth are discussed and formulated in the works of Pook [52, 53], Schöllmann et al. [62], and
Richard et al. [58].
In general, computational simulations for three-dimensional crack growth found in literature do not
consider mode III effects in the prediction of the crack path. Although Erdogan-Sih’s [20] criterion considers only modes I and II to predict the crack growth orientation, this criterion is broadly applied in
three-dimensional simulations to provide the growth direction along the crack front. The works of Carter
et al. [8], Krysl et al. [33] and Gravouil et al. [26] are among the works that apply Erdogan-Sih’s criterion
for crack growth orientation in three-dimensional simulations.
Figure 21 illustrates the results for the same inclined penny-shaped crack example presented in this
Section with the crack growth methodology proposed in this paper but considering KIII = 0 in Equations
(16) and (17), which is equivalent to applying Erdogan-Sih’s [20] criterion for crack growth orientation.
By comparing Figure 19 and Figure 21(a), one can observe that the simulation without mode III effects
does not provide a planar mode I crack growth after 38 crack growth steps. Indeed, Figures 21(b) and 21(c)
show that mode III stress intensity factors are not completely vanished at the end of the simulation. The
mode III stress intensity factor values are reduced by only 58% of their initial values at step 0.
Gerstle [25] proposed a criterion that extends Erdogan-Sih’s [20] criterion to three dimensional simulations by considering an equivalent mode I stress intensity factor which combines modes I and III. This
criterion was applied in three dimensional crack growth simulations with boundary element method (BEM)
by dell’Erba and Aliabadi [11] and with FEM by Okada et al. [44]. As observed by dell’Erba and Aliabadi
[11], crack growth simulations with this criterion do not show significant reduction in the mode III stress
intensity factors after several crack growth steps.
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Figure 21: Inclined penny shaped crack results for crack growth orientation without KIII effects.

6 Concluding remarks
This paper presents a robust methodology for modeling three-dimensional crack growth simulations of
crack surfaces with arbitrary shapes. The proposed methodology is based on the hp-GFEM for fracture
mechanics [50] to automatically build high-order discretizations coupled with the FOM [29] to track the
evolution of the crack front. The verification and validation presented in Section 5 are focused on the
analysis of fatigue crack growth, however, the hp-GFEM coupled with FOM can be extended to other
applications, e.g., dynamic crack growth and crack growth with cohesive elements.
Fatigue crack growth is modeled as a sequence of linear elastic fracture mechanics (LEFM) solutions.
Based on the LEFM solutions, Schöllmann’s criterion and Paris-Erdogan’s equation provide the direction
and amount of crack advance, respectively. High-order discretizations with adaptive crack front refinement
are automatically generated at each crack step. The hp-GFEM presented in [50] is utilized to solve static
crack problems at each crack step of the simulation. This process ensures accurate SIFs along the crack
front and, consequently, accurate crack growth surface path prediction.
FOM guarantees the geometrical feasibility of the crack surface representation. The FOM is a numerical
technique for tracking the evolution of explicit surfaces [29]. In this work, the FOM is applied to track the
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evolution of the crack front throughout the crack growth simulation. At each crack growth step, the FOM
verifies the crack front advance and, if necessary, provides the advance limit that prevents self-intersections
of the crack front.
The proposed methodology provides very accurate crack path description. Prediction of crack growth
corroborates experimental data and experimental observations as presented in Section 5. This methodology
also allows the crack surface to grow arbitrarily inside of volume meshes with non-uniform refinement.
The results presented in Section 5.4 show that crack growth simulations with explicit crack surface representation do not require a priori refinement of the volume mesh in the region of potential crack growth. A
combination of an explicit crack surface representation and non-planar cuts inside of elements, proposed
in [50] for static cracks, results in a powerful tool that allows the representation of arbitrarily continuous cracks with non-smooth surfaces in crack growth simulations. Non-smooth crack surfaces are very
common in mixed mode crack growth. An accurate representation of crack surfaces is essential when simulating problems in which the physics depend on the crack surface geometry. Some examples of these
types of problems are hydraulically induced crack growth, crack growth with cohesive models and contact
of crack surfaces due to crack closure.
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