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SUMMARY

This paper presentshigh-order implementationsof a generalized nite element method for through-the-
thicknesghree-dimensionddranchecdtracks.This approactcanaccuratelyrepresentliscontinuitiesuchastriple

joints in polycrystallinematerialsand branchedcracks,independentlyof the backgroundnite elementmesh.
Representate problemsare investigatedto illustrate the accurag of the methodin combinationwith various
discretizationsand re nement stratgjies. The combinationof local re nement at crack fronts and high-order
continuousanddiscontinuougnrichmentgprovesto be an excellentcombinationwhich candeliver convergence
ratescloseto thatof problemswith smoothsolutions.
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1. INTRODUCTION

Crackbranchings adistinctive featureof mary failuremechanismsProblemsasdiverseascorrosion
assistedracking[1, 2] andhighvelocity impactor dynamiccrackpropagtion[3—5] arecharacterized
by the appearancef branchecdcracks.In this paper we presentextensionsof the GFEM presented
in [6] thatareableto handlethrough-the-thicknesthree-dimensionabranchedliscontinuitiesvhich
areindependenof the ®nite elementmesh.The combinationof meshindependentliscontinuitiesand
of the proposedigh-orderGFEM approximationgrovidesavery e xible androbustmethodthatcan
deliver accuratesolutionsandhigh corvergencerates.

The ®nite elementanalysisof crackbranchingproblemsposeschallengingdemandslreadyat the
discretizatiorstage.The singularitiesat crackfronts requirestronglyre®nedmesheghat must®t the
discontinuity surfaceswhile keepingthe aspectratio of the elementswithin acceptablébounds|[7—
14]. Theserequirementsrenot alwaysmetor may be satis®edby usinga large numberof elements.
Meshingaroundthe branchingsurfacecanalsobe dif®cult andleadsto a large numberof elements
whenthe anglebetweerthe branchess small.
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AlgorithmssuchasDelaunaytriangulationareheavily appliedto generateinstructureaneshegl1,
15]. Thesealgorithmsmaximizethe minimumanglein the meshwith the intentof producinga mesh
with equilateratriangles Unfortunatelycomplex geometriesnaycausehegeneratiorof anenormous
quantityof elementdo satisfymeshquality constraintattheexpense®f increasedomputationatost.
Anotherdravbackof mary Delaunay-basetheshingmethodss the appearancef sliver elementsn
three-dimensionallomains[9, 10]. Theseelementshave a detrimentaleffect on the accurag of the
®nite elementsolution. Theirremoval is usuallydonethrougha meshoptimizationstepwhich addsto
themeshgeneratiortime andrequiresa certainamountof userintervention.

Thework presentedh thispaperbuilds uponthegeneralized~EM for polycrystalgecentlyproposed
by Simoneet al. [6]. Here, the displacemen®eld is enrichedwith high-orderhierarchical GFEM
approximationsThesehierarchicalapproximationsare built to accountfor the discontinuousature
of the displacemen®eld acrosscrack surfaceswith a proceduresimilar to that devisedin [16—18]
for acontinuous®eld alone.Our GFEM shapegunctionsare however equivalentto thoseproposedy
Dauxetal.[19] in thecaseof piece-wisdinearapproximationsn two-dimensionsThis equivalenceis
discussedn detailsin [6]. In the caseof a single(non-branchingjliscontinuityandpiece-wisdinear
approximationsthe proposedGFEM shapefunctionsreduceto thoseproposedn [20]. Theoretical
aspectof our approactareillustratedin Section2.

At variancewith the establishea@nrichmenbf the displacemen®eld with discontinuougunctions
and the use of linear approximationsproposedby Moés et al. [20] in the so-called X-FEM,
approximationordershigherthanonehave beenexploitedin variousforms by Wells and Sluys[21],
Stazietal. [22], Chessatal. [23], MarianiandPergo [24], andLabordeet al. [25]. In this work, we
have consistentlyusedhigh-orderhierarchicalGFEM approximationdor single and multi-branched
cracks. High-order enrichmentfunctions are used with a linear ®nite elementpartition of unity.
Therefore,all nodal degreesof freedomare de®nedat elementvertex nodeswhich facilitatesmesh
generationspecially in three-dimensionatomputationsThis is in contrastwith the use of high-
order non-hierarchicalLagrangianpartition of unity functionswith piece-wiseconstantenrichment
functions[21-23,25]. This approacheadsto nodeson elementedgesfacesandinterior. Hierarchical
approximationsarealsoideal for the constructionof non-uniformpolynomialapproximationsvhich
canbevery effective for someclassof problemd26]. Otheradvantage®f hierarchicalGFEM, suchas
thenon-zerostructureof theresultingstiffnessandmassmatrices arediscussedn [16-18]. Theissue
of lineardependencef hierarchicalGFEM enrichmentss alsodiscussedh detailsin [18].

The combinationof the proposedhigh-orderGFEM approximationsvith non-uniformmeshess
discussedn Section3. There,we showv the resultsobtainedin a corvergencestudy usingthis type
of discretizationfor problemswith through-the-thicknessingleandbranchedccracks.A comparison
of variousdiscretizationsaand re®nementstratgiesreportedin Section3.1 shavs that the useof p-
enrichmenobnlocally re®nedmeshis the mostef®cient stratgy to achieve accuratesolutionsandhigh
cornvemgencerates,even without the use of crackfront enrichmentfunctions[25, 27]. This speci®c
choicehasthe adwantageof preservinga conformingapproximationwithout the necessityto enrich
severallayersof elementsaroundthecrackfront, asotherwisegproposedy Labordeetal. [25]. Further
it enhancethe e xibility of theapproactascrackfrontenrichmenfunctions whenknown, aredif®cult
to integrate.

[HpBranched- Decembe£8, 2006]
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2. HIGH-ORDER APPROXIMA TIONS FOR BRANCHED CRACKS

Branchedcracksin two- andthree-dimensionsanbe describedwith the GFEM for polycrystalline
structurepresentedh [6]. Here, we adaptthatformulationto the caseof branchedracksandimprove
it usinghigh-orderenrichmenfunctions.The formulationis valid for brancheccrackswith arbitrary
numberof branchesHowever, the illustration of the main ideasis donewith the aid of the two-
dimensionalcaseshown in Figure 1. We also assumethat crack fronts are locatedat the boundary
of elementsThis approachwasoriginally proposedn [21] and greatly simpli®esthe computational
implementationIntroductoryreference®n the generalized~EM are,e.g.,in [17, 18, 28, 29]. In this
sectionwe assumehereadetassomebasicunderstandingf the method.

W
Whranch o 21 o

R; /I o 21 front
Ra|
R, S_I

Figurel. Neighborhoodf a branchedtrackin atwo-dimensionatlomain.

ConsidermadomainWwith abranchedrackasillustratedin Figurel. Thisdomainmay; in turn,bea
subdomairof alargerdomainwith severalbranchectracks.Let| gqnt denotea setwith theindicesof
nodes/®niteelementpartitionof unity functions,j 5, whosesupportsw;, intersecta crackfront. Note
thatsincea ®nite elementis an openset,the intersectionof an elementwith a crackfront locatedat
its boundaryis empty Let| ack denotetheindicesof nodes/®niteelemenipartitionof unity functions
whosesupportdntersectacracksurface.Thesetl s containgheindicesthatbelongto ! ¢rack but not
tol front, 1.€.,1 c£=1 crack | front.

A neighborhooaf a branchectrackis adomaindF®necby

Whranch= Wa 1)
azl of
Thecracksurfacesdivide Whanchin Nr non-overlappingregionsdenotecby Ri; i = 1;:::;NRr, i.e.,
e o
\koranch: dS'; RI\R;=0 ifigj 2

i=1
In the caseof thetriple joint shavn in Figure 1, for example,Whranchis dividedin threeregions.The
derivation of GFEM approximationgde®nedin W anch is analogougo that usedfor polycrystalline
structurepresentedh [6].
Theelasticitysolutionu in Whanchis of theform
Nr
u=a+§ Hid; ©))
i=1
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whereH ;(x) denotesa discontinuougunctionde®nedby

‘ _ 1 ifx2R; .
Hi(x) = 0 otherwise’ “)
while 4 and dj; i = 1;:::;Ngr, are continuousfunctions de®nedon Wanch and Rj, respectiely.

We assumehatthe crack surfacesare notin contact.In the caseof contact,the non-penetratiorof
cracksurfacescanbe enforcedusing,for example,a cohesve formulationwith a very stiff cohesie
stiffnessin thedirectionnormalto the surfaces The proceduras analogougo thatusedin [6] to avoid
penetratiorof grainboundariesn a polycrystallinestructure.

A partitionof unity approximatiorof polynomialdegreep, G"P, of G is givenby

o D|_ Nb DL
A= § ja(x)aP(x) = a ja(x) @ Uajlja(x)= & & Gajfja(x) (5)

a=1 a=1 j=1 a=1j=1

where Ny is the numberof nodesin the mesh de®ning Wranch ugp, a = 1;:::;Np, are local
approximationf ( de®nedon v, U 4j andfja(x) = ja(X)Lja(x); a=1;::1; Nb; j=1;::5;DL
arenodaldggreesof freedomandgeneralize®nite elementshapefunctionsof degreep, respectely,
andD, is thedimensionof a setof polynomialenrichmenfunctionsof degreelessor equaltop 1.
Ourimplementatiorfollows[17, 18] andthe setf Ljag?;l foranodex ; = (Xa;Ya;Za) is givenby

L.. Pt - 1(X Xa) (Y Ya). (z za) (x Xa)2 (y Ya)2
& =1 ha ha ' ha ' h2 ' h 7

with hy beingascalingfactor[17, 18]. Theseenrichmenfunctionsandthe correspondingieneralized
FE shapefunctions,f 5, areidenticalto thosede®nedn [18] for tetrahedraklements.
Partition of unity approximations;)f degreep for G;; i = 1;:::;Ngr, aregivenby

D

aP = a/a(x)u P(x) = a/a(x)a GiajLia(X) (6)
j=

wherel ,hap a = 1;:::; Ny, arelocal approximation®f (i; de®nedonwg andljzj; a = 1;:::Np; j =
1;:::;Dy, arenodaldegreesof freedom.
Fromthe above, we have thata partition of unity approximationu P, of u is givenby

N
uP(x) = a ja(x)aP(x)+ & a Hi(x) & j a(x)alP(x)
a=1 " i=1 a=1
#
N ah N . h
= 4 jax) UP(x)+ 3 a Hio)aP(x) = & ja(x)ulP(x)
a=1 i=1 a=1
" #
o
= a Ja(x) a Uajlja(x)+ a Hi(x) @ UiajLja(x)
a=1 i=1 j=1
% D b Ou R
= a a lajaXLja(x)+ a a a Yiajj a(x)Hi(x)Lja(x)
a=1j=1 a=1j=1i=1
l;lb DL Nb B NR
= a a Uajf Ja(X)+ adaa ulajflaj(x)
a=1j=1 a=1j=1i=1
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where ugp; a = 1;:::;Ny, are local approximations of u de®ned on wg, ﬂaj(x) =

of degreep.
Thegeneralized-E shapdunctionsatanodex 5 aregivenby

P - f_ D PRH. FoD
a ja =1 | ]ja =1

Jja f1Loa;iiiilpa;

functions Thenumericalkexamplespresentedh Section3 shawv thattheseunctionscandeliveroptimal
corvergencerates.

Approximationsof the samepolynomial degree are used above for the continuous,d ", and
discontinuousﬂihp, componentof the solution. However, this is not necessaryHereafter p andq
are usedto denotethe polynomial degreeof G"° and Uihp, respectiely. In the numericalexamples
analyzedn Section3, GFEMapproximationsvith1 p;q 4areusedBelow, welist afew examples
of GFEM approximationgor branchedracks..

GFEM(p = 1,9 = 1). In this case,the local approximationsﬁgp; Uihap; a=1::Np i =
aregivenby

FFEl=j,  LHHzH N @)
which arethesamegeneralizedrE shapdunctionspresentedh [6], i.e.,werecoverthesimplest
possiblecasethatof a piecaviselinearapproximatiorof u.
GFEM(p= 2;q= 0). Thiscasecorrespond$o thegeneralized-E shapdunctionsintroducedn
[17,18]. Theshap&unctionsatanodex , aregivenby

oopE )0 ), 2) @
a a a

Theseshapdunctions,of coursecannotrepresenthediscontinuougomponentsf thesolution

Gihp. In Section3, we usethesefunctionsin combinatiorwith meshetting the cracksurfaces.

Thesemeshesnodelthecracksurfacesexplicitly likein the FEM.

GFEM(p= 2;q= 2). Theshapeunctionsatanodex 5 aregivenby

2 o 1 (X Xa) (Y VYa). (Z za),
a a ) ha ) ha ) ha 3
Ly X Xa) (Y Ya).,, (z z).
HaHy ha JH1 ha JH1 e
oy (X Xa) (Y Ya).,, (Z za). ...
H 2,H 2 ha YH 2 ha ’H 2 ha PR |

(X Xa). (Y VYa). (z za)
h T H Ng h TH Ng ha )

:2;:0_ .
Y

H ng T H Ng
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GFEM(p= 2;g= 1). Theshapdunctionsatanodex 5 aregivenby

ha ha ha

If we have a single (non-branching)discontinuity in the domain and the problemis two-
dimensionalthe shap&unctionsarereducedo

(X Xa) . (y vYa)
YT Th

Theseshapefunctionsare equivalentto thoseproposedby Staziet al. [22]. In Section3, we
comparehe performancef thesefunctionswith thosefrom GFEM(p= 2;q= 2).

p= 2;q: 1_ .
a =

] a TH1 (11)

Let us note that the high-orderapproximationglevelopedabore are, of course,applicableto the
GFEM for polycrystalspresented [6].

Anotherformulationfor modelingbranchingcracksbasedon the partition of unity framework was
proposedby Daux et al. [19]. They proposedpieceavise linear approximationgo model branching
cracksin two-dimensionsA detailedcomparisorbetweerthetwo approachesanbefoundin [6].

2.1. Selectionof nodal enrichment

In general,several stepfunctionsH ; are constantover the supportw, of a given partition of unity
functionj 5 andshouldthereforenot be usedin actualcomputationsLinear dependencamongthe
constantandstepfunctionscanalsooccut A simpleprocedurego eliminatetheselineardependences
waspresentedn [6, Sec.6.2]. In the caseof branchedcracks,the procedurds essentiallythe same
with two exceptions:(i) Nodesin thesetl o arenot enrichedwith discontinuoudunctions;(ii) In

The algorithmis presentedn Figure 2 andillustratedin Figure 3. Figures18 and 22 illustrate the
applicationof this algorithmin three dimensionsIn these®gures,nodeswith a solid spherehave
continuousfja(x) =ja(x)Lja(x), anddiscontinuousﬂaj(x) = ja(X)Hi(x)Lja(x), GFEMshape
functions.All othernodeshave continuousGFEM shapefunctionsonly.

If high-orderenrichmenfunctionsareused theresultinggeneralized~E shapefunctions 4; a =

2.2. Crack front enrichment

TheGFEMshapdunctionspresenteth Section2 do notusenearcrackfront expansionasenrichment
functions.The stressstatein the neighborhooaf a crackfront is notwell known in three-dimensions,
andanalyticalexpansionsare availableonly for particularcrackgeometrieg30, 31]. Complex crack
frontgeometriesgurvedcracksurfacesor theintersectiorof thecracksurfacewith theboundarycreate
comple stressdistributionsthat are,in general,not amenablgo closedform expansionsSimilarly,
non-linearfracturemodelsgeneratestressstateshat arenot amenabldo analyticalexpansionsn the
neighborhoof aprocesszone.

Two additionaldif®cultieswith nearcrackfront enrichmenfunctionsaretheirnumericalintegration
andthe needto enrich severallayersof elementsaroundthe crackfront in orderto achieve optimal
convergencerates[25, 27]. Integrationerrorsmayleadto wrongconclusionsn acorvergenceanalysis
sincethey may canceldiscretizationerrorswhen computing,for example,the strainenegy. In this

[HpBranched- Decembe£8, 2006]



A 3D HIGH-ORDERGFEM FORTHROUGH-THE-THICKNESSBRANCHED CRACKS 7 of 29

Creategeometricatepresentationfor regionsR; i = 1;:::;Nr . Region R; canbelarger (but not
smaller)thanpreviously de®nedandillustratedin Figurel. Theonly constraints thalRai\\ RK)
i 6 j, is non-emptyonly alongcracksurfaces.

continue;

endif

if wa\ TR;6 0then
if Intersectionis alonga crack surfacethen
Enrichnodex 5 with stepfunctionH ;
endif
endif
endfch
if nodex ; hasmore thanonestepfunctionenrichmentthen
Discardoneof them.
endif
Add high-orderstepfunctionsto thenodeif q> 1.
endfch

Figure2. Algorithm to selectstepfunctionsfor nodesin neighborhoodMyancn0f a branchedtrack.

0O R,
o R
X R3 it
o front node | LRl W/I
vl [T |mm} NA )JR
3
& (e
Ral N\
(@) (b)

Figure3. Nodalenrichmenprocedurdor abranchedrackin atwo-dimensionatiomain:(a) enrichmenfunctions

areaddedto Wranchde nedin Figurel; and(b) surplusenrichmenfunctionsareeliminated.Notethatnodeson

the crack front (with index in | gon¢) arenot enriched.The procedureis detailedin the algorithm reportedin
Figure2.

[HpBranched- Decembe£8, 2006]



8 of 29 C.A.DUARTE, L.G. RENO,A. SIMONE

paper we follow the classicalFEM approachof resolvingthe non-smoothdisplacemen®eld neara

crackfront by local meshre®nement£ombinedwith high-orderapproximationg32]. This approach
avoidsthedif®cultiesandlimitationsrelatedto nearcrackfront enrichmenfunctionswhile beingable

to deliver high corvergenceratesasdemonstrateth Section3. The constructiorof hp discretizations
in the neighborhoodf a crackfront is not dif®cult in the generalized~EM sincecrack surfacesare

allowedto cut elementsThe meshre®nementan,therefore be performedasif there were no cradks

in thedomain lllustrative examplesarepresentedn Section3.

2.3. Equivalenceof approximation spaces

In [6, Sec.4], we have shavn thatthediscretespacespannedy linearFEM shapdunctionsandlinear
GFEM functions(p = 1;q= 1) areidenticalwhenmeshestting the cracksurfacesareused.GFEM
shapefunctions(p = 1;q= 1) aregivenin (7). The sameproof canbe usedto shov the equivalence
betweerthe correspondingamiliesof high-orderGFEM shapefunctions.l.e., thefollowing families
of shapdunctions, whende®nedon meshe®tting the cracksurfaces areequialent:

(i) GFEM (p;q= 0) with cracksurfacesexplicity modeledike in the FEM. An exampleof shape
functionsfrom this family is given by (8). In Section3.1.1,we usethe acrorym EC (explicit
crack)to identify this family;

(i) GFEM(p= q). An exampleof shapgunctionsfrom thisfamily is givenby (9). In Section3.1.1,
we usetheacrorym BC (boundarycrack)to identify this family.

The discretespacesspanneddy thesetwo families of functionsare identical. The corresponding
discretizationshave the samenumberof degreesof freedomandthe GFEM solutionscomputedon
thesediscretizationgreidentical.

3. EXAMPLES

To assesthe proposedigh-ordergeneralized~EM approximatiorfor branchedrackswe performed
a seriesof benchmarkanalysesThe quality of our resultswas measuredisingthe relative errorin
enegy norm D

U U
kek = expgct approx; (12)

exad

whereU is the strain enegy. The value of the exact strain enegy, Uewa, Was estimatedusing the
proceduradescribedn [33]. The estimationis basedon a priori error estimatesn enegy normanda
sequencef GFEM solutionsgenerateavith p-enrichmentsTheapproactassumethatthediscretized
enegy convergesmonotonically Usinga-priori errorestimatesve get

Uexaa  Up Np 1
log Uexaa Up 1 log Np ._ Q: (13)
Uexad Up 1 Np 2 =~ ™=

log Uexaa Up 2 log Np 1

whereU; arethe valuesof the strainenengy for differentnumberof degreesof freedomN;. The exact
enegy, Uead, IS computeddy solvingthe non-linearequation

Uexad Up Uexact Up 1 Q_
Uexad; Up 1 Uexad Up 2 .
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| 2W /| unit thickness 2W /| unit thickness
W= H = linch N W= H= 25inch
- b
E = 10.9E6psi 2 a=W = 0:6
2H n= 0:397 2H A b=a= 1:414
q= 45
E = 2E5psi
1 n=0:3

%4

;4

By

/@y%@*ﬁki

L

Figure5. Exampleof discretizatiorfor through-the-thicknesgeft) edgecrackand(right) triple-joint crack.

The errorandthe corvergenceratein enegy normfor a GFEM solutioncanthenbe computedusing

Uexad -

3.1. Two benchmark tests

The benchmarksusedfor the corvergenceanalysesare two three-dimensionalksotropic plateswith
through-the-thicknessdgeandstriple joint cracksunderunit tension Both examplesarein smallstrain
isotropicelasticityandin bothcaseshespecimenareloadedn theverticaldirection.Specimersetups
andmaterialpropertiesarereportedn Figure4. An exampleof thediscretizationsisedin this studyis
shawn in Figure5. As describechext, we performeda seriesof analysesith differentdiscretizations

andre®nemenstratayies.

3.1.1. Edgecrack Fortheedgecracktest,we consideredhreefamiliesof discretizations:

[HpBranched- Decembe£8, 2006]
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Figure 6. Edge crack: three-dimensionaéffect closeto the crack front (isosurbcesof the norm kuk of the
displacementeld; kuk is notconstanin thetrans\ersaldirectionaroundthe crackfront).

1. Mesheswith an explicit crack modeledwith doublenodeslike in the FEM. The generalized
FEM shapeunctionsusedwith this type of discretizatiorarefrom the family GFEM(p;g= 0)
de®nedin Section2 andintroducedn [18]. Theacrorym EC (explicit crack)is usedto identify
adiscretizatiorof thistype;

2. Mesheswith cracksurfacedocatedat elementoundarieslik e in the previous case but without
doublenodes.The crackis modeledwith stepfunctionsandgeneralized~-EM shapefunctions
from the family GFEM(p; g) areused.A discretizatiorof this typeis identi®edby the acrorym
BC (boundarycrack).As an example,a linear continuousand discontinuousapproximationof
the displacemen®eld on a meshfrom this family is identi®edby GFEM(p= 1;q= 1); BC or
simply by plql; BC;

3. Discretizationswith crack surfacespassingthroughthe elementsas shavn in Figure 5. The
shapefunctionsGFEM(p; g) arealsousedwith this family. The acrorym CC (cutting crack)
identi®esa memberof this family. A quadraticcontinuousanddiscontinuouspproximatiorof
the displacemen®eld on a meshfrom this family is identi®edby GFEM(p = 2;q= 2); CC or
simply by p2g2; CC.

Figure 6 shows the three-dimensionabehaior of the solution nearthe crack front. As we have
useda Poissorératio largerthanzero,kuk is notconstanin thetrans\ersaldirectionaroundthe crack
front. In thefollowing, weassumé = 0:5 astheorderof thesingularity(smoothnesparameterin the
estimatedor the corvergenceratesof the errornormreportedin [33]. The smallesteigervalue of the
asymptoticexpansionof the elasticitysolutionin the neighborhooaf the crackverticesis largerthan
0:5 [31]. Far from the vertices,the smallesteigervalueis equalto 0:5, the classicaltwo-dimensional
case.The singularity of the solutionfar from the verticeswill thusgovernthe corvergencerate.The
valueof the exactstrainenegy for this problem Ueage = 8:171644 10 7 Ib.in, wasestimatedising

[HpBranched- Decembe£8, 2006]
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theproceduradescribedreviously.

Homogeneoush-re nement We ®rst studiedthe effect of homogeneouk-re®nementln this case,
the asymptoticrate of corvergencein enegy normwith respecto the numberof degreesof freedom
is givenby b = 1=3minf p;/ g, with p the polynomialorderof theapproximatiorand/ asmoothness
parameter Since the solution is not smooth, the smoothnesgparameterwill govern the rate of
convergencewhichis givenby b = 0:5=3 0:166.

A summaryof our resultsis shavn in Figures7 and8. In all casescorvergenceratesin enegy
normasymptoticallyapproactthetheoreticakate. Therearehowever somedifferencesn termsof the
error producedby the variousapproximationsWhena crackis placedalongelementhoundariesthe
curvesobtainedwith EC andBC discretizationsareindistinguishable- althoughthe shapefunctions
are different, both approximationspanthe sameapproximationspacesThis in agreementith the
analysispresentedn Section2.3. On the other hand,the analyseawvith meshescutting crack, CC,
producedslightly highererrorwhencomparedo thecaseof acrackplacedalongelemenboundaries.
A-priori errorestimatedor the h-versionof the generalizedr standard®nite elementmethodare of
theform [28, 33,34]

1
ku upk Cm kuk

Thereforethe constanC in theinequalityabove is largerfor discretizationgrom the CC family than
for the BC family. The GFEM shapefunctionsfrom the BC andCC familiesarebuilt usingthe same
procedurelLinear and quadraticfunctionsfrom thesefamiliesaregiven by (7) and(9), respectiely.
The only differencebetweenthe resulting shapefunctionsis the location of crack suriaceswith
respectto the supportof the partition of unity functions.In the caseof the BC family, the location
coincideswith boundaryof elementswhile in the CC family it doesnot, in general.The support
of a partition of unity functionj ; is the union of the ®nite elementssharinga vertex nodex,. A
functionj 5 hasdiscontinuous®rst derivatives along the boundariesof the elementscomposingits
supportand continuousderivatives elsavhere. Therefore,in the caseof the BC family, cracks“cut”
j a alongsurfaceswherethe function hasdiscontinuous®rst derivatives. This apparentlymay leadto
a smallerconstantC thanwhenthe cut is doneelsavhere.Anotherpossiblereasorfor the difference
in performancédetweerthe two families,is thelocationof the crackfront with respecto the element
boundariesiIn the caseof the BC family, crackfronts arelocatedalong elementedgeswhile in the
caseof the CC family they are,in generallocatedalongelementfaces(cf. Figure5). This agument
is supporteddy the factthatthe differencein performancéetweerthe two familiestendto disappear
whennon-uniformmeshesaroundthe crackfront areused.Local meshre®nementaroundthe fronts
tendto createelementdgesat or very closeto thefrontsandthereforereduceghedifferencebetween
thetwo discretizationsThis effectis shavn in Figuresl4 and15which areanalyzedn detaillateron.

A lower polynomialdegreefor the discontinuousomponent®f the solution,i.e.,q < p insteadof
g= p, producesa consistentlyhighererror comparedo the casewith p = q in all the analysesin
particular we usedtheinterpolationschemeproposedy Staziet al. [22] for which p= 2 andq= 1.
As shawn in Figure8, althoughthe asymptoticcorvergencerateis the same the erroris consistently
higherwhenusingthis schemgcompare2 to or# and to4 ). As afurthercomparisonshovnin
Figure9, we notethatthe errorsproducedby Stazietal's schemendthelinearinterpolationscheme
p= g= 1arecomparabldor quitelargerangeof degreesof freedom.

Non-Uniform h-re nement Next, we consideredheeffectof non-uniformh-re®nementtthecrack
front. It is possibleto createsequence®f non-uniform meshessuchthat the rate of corvergence
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Figure7. Edgecrack:corvergenceratesin enegy normfor homogeneouk-re nementof meshedrom families
EC with p= 1,q= 0,BC andCC with p= gq= 1.
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Figure8. Edgecrack:corvergenceratesin enegy normfor homogeneoub-re nementof meshegrom families
EC with p= 1,g= 0,BC andCCwith p= q= 2andp= 2,q= 1.
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Figure9. Edgecrack:cornvergenceratesin enegy normfor homogeneouk-re nementof meshe$rom family CC
with p= gq= landp= 2,q= 1.

is the sameas that for problemswith smoothsolutions[33]. Therefore,in this case,the rate of

convergencein enegy normis b = 1=3f pg [33]. Thus,b = 1=3 0:333for linear approximations
andb = 2=3 0:666 for quadraticapproximationsThe constructionof sucha sequenc®f meshes,
however, requiresa-posteriorierror indicators.In this section,we investigate an alternatve approach
gearedtowards fracture mechanicsproblems.Sequence®f non-uniform mesheswere createdas
follows.

(i) Createmeshedocally re®nedaroundthe crackfront by successiely bisectingall elementswith
thecrackfront attheirboundaryThe marked-edgealgorithm[35, 36] wasusedto selectelement
edgedor bisectionlIn all discretizationsthecrackfrontsarelocatedattheboundaryof elements,
asdiscussedn Section2 and proposedn [21]. Threelevels of re®nementat the crack front
areusedin the computations10, 15 and 17. Thesere®nementsare denoted hereafterby the
acrorymsF10,F15andF17,respectiely. Figure10 shovs mesh(CC; F15). Notethatsincethe
cracksurfaceis allowedto cut the elementsthe meshre®nementanbe performedasif there
were no cradksin thedomain This greatlyfacilitatesthe constructiorof stronglyre®nedmeshes
in the neighborhoodf crackfronts. In addition,the aspectratio of the elementss not affect
by the presencef the cracksincetheir boundarydo not have to ®t the cracksurface.Thisis in
contraswith the classicaFEM.

(i) Apply globalre®nementso the non-uniformmeshegreatecasdescribedabove.

We performedh-cornvergenceanalysison sequencesf non-uniformmeshegrom all threefamilies
(EC, BC andCC). Theresultsarediscussedbelow.

The effect of the re®nementevel at the crackfront is shavn in Figures1l and12. In particular
Figure11reportsresultsfor meshesith cracksurfacealongelementoundariegBC discretizations)
while Figurel2reportsresultsfor meshesvith crackcuttingthe element{CC discretizations)Results
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Figure 10. Mesh with strong re nement at the crack front: CC discretizationwith 15 levels of crack front
re nement(meshCC; F15).
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Figurell.Edgecrack:cornvergenceatesfor globalh-re nementappliedto locally re ned meshesDiscretizations
with cracksurfacealongelementoundariegBC) andp= q= lorp=q= 2.
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Figure12.Edgecrack:corvergenceatesfor globalh-re nementappliedto locally re ned meshesDiscretizations
with cracksurfacecuttingelement§CC) andp=q= l1orp=q= 2.
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Figure 13. Edgecrack: cornvergenceratesfor global h-re nementappliedto locally re ned mesh(effect of the
approximatiorscheme).
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Figure14. Edgecrack:convemgenceratesfor globalh-re nementappliedto uniform andlocally re ned meshes.
In both casesthe h-re nementis appliedto meshedrom families BC and CC with quadraticapproximation

(p=0a=2).

for EC discretizationsare not reportedsincethey arethe sameasthosefor the BC discretizationsin
all casesglobal h-re®nemenis appliedto locally re®@nedmesheduuilt asdescribedabore. It canbe
obsenred that the pre-asymptoticcornvergenceratesincreasewith the re®nementlevel at the crack
front and approachthoseof a smoothproblem. The rate of cornvergencefor h-re®nementapplied
to the discretizations(plql; BC;F17) and (p1ql;CC;F17) are 0:309 and 0:298, respectrely. The
ratio betweentheseratesand thosefor a problemwith a smoothsolution are 0:309=0:333= 0:93
and0:298=0:333= 0:90, respectiely. The ratioswere computedusingonly the lasttwo datapoints
in eachcune. This performances similar to that reportedin [25, Sec.4] using an approachbased
on enrichmentswith singularfunctionsover a ®xed area.The rate of corvergencefor h-re®nement
appliedto the discretizationgp2g2; BC; F17) and (p2g2;CC; F17) are0:457 and 0:483, respectiely.
While they are,agnin, smallerthanthe caseof a problemwith smoothsolution,they areabout2:7 and
2:9 times, respectiely, the rate of corvergencefor h-re®nementappliedto uniform meshesHigher
convergenceratescanbeobtainedoy furtherre®ningthe meshnearthe crackfront. Anotherpossibility
is to usemeshesn which the sizeof the elementslecreasefastertowardsthe singularitythenin the
caseof themeshshavn in Figure10[33].

The optimal level of crack front re®nementdependson the tarmget error level. Mesheswith
high level of crack front re®nementF17 or higher for example,are more effective for low error
tamgets.This is shovn in Figures1l and 12, speciallyfor the caseof quadraticdiscretizationsThis
behaior is analogoudo thatobsenedin the classical®nite elementmethod[33]. The quadraticF10
discretizationdrom both BC andCC families shav a signi®cantreductionin corvergencerate with
globalmeshre®nementjndicatingthatthe singularityalongthe crackfront is poorly resohed by this
meshre®nementevel. Of coursea-posteriorierrorindicatorg[37, 38] couldbeusedto drive themesh
re®nemenprocessnsteado a-prioriselectinga givenlevel of crackfront re®nementaisdonehere.
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Re nement | DoublenodesEC CrackatelementoundariesBC CrackcuttingelementsCC
level p:]_ p:2 p:q:]_ p= 2,q:]_ p= q:2 p= q:]_ p= q:2
10 0.204| 0.099 0.204 0.196 0.099 0.219 0.225
15 0.319| 0.240 0.319 0.237 0.240 0.304 0.252
17 0.309| 0.457 0.309 0.415 0.457 0.298 0.483
¥ 0.333| 0.666 0.333 0.666 0.666 0.333 0.666

Tablel. Asymptoticcorvergenceratesfor h-re nementonlocally re ned meshes.

Figure 13 shaws the effect of a differentinterpolationorderfor the continuousand discontinuous
componentof the displacement®eld as proposedby Stazi et al. [22]. We used mesheswith the
crackalongelementboundarieqBC discretizationswith 15 levels of re®nementat the crackfront.
In this casethe p2ql interpolationschemeperformsreasonablywell whencomparedo the caseof
homogeneoubk-re®nementeportedin Figure9. We do however agreewith Labordeet al. [25, Sec.
3.4.3]in stressingthat the discontinuity of the displacemen®eld along the crack surface must be
representeth a suf®ciently accuratevay usingthe FEM basisaspartitionsof unity. Thisimpliesthat
thecontinuousandthediscontinuoupartof thedisplacemen®eld mustbecompatiblejn otherwords,
they mustbe approximatedvith the sameapproximatiorspace.

Figure 14 compareghe performanceof homogeneouk-re®nementppliedto uniform andlocally
re®nedmeshesin both casesthe h-re®nements appliedto meshedrom families BC andCC with
quadraticapproximatior(p= gq= 2). It canbeobsenedthattheasymptotiacconvergenceratesfor both
familiesarevery close.However, for a given numberof degreesof freedom,the discretizationswith
cracksat elementboundariegBC) deliversa smallererrorthanthe discretizationsith crackscutting
the elementqCC). This behaior is more pronouncedn the pre-asymptotiadange[32] of the mesh
re®nementppliedto uniform meshesThe differencebetweerthe BC andCC familiesis smallin the
caseof locally re®@nedmeshesindessentiallydisappeawith meshre®nementAs previouslydiscussed,
this supportghe agumentthatthe differencebetweernthe performancef two familiesmight be due
to the locationof the crackfront with respectto elementboundariesFigure 14 alsoshaws that, for
a given numberof degreesof freedom the gradeddiscretizationgleliver an error muchsmallerthan
thosefrom uniform discretizations.

Tablel summarizeshe corvergenceratesin enegy normfor h-re®nementappliedto non-uniform
meshesfrom all discretizationsfamilies and different choicesof approximationorder The rate
of convergencefor uniform h-re®nementis only 1/6 for this problem, regardlessof the order of
approximationAs thetableshavs, locally re®@nedmeshesandeliver muchhigherconvergencerates.
Discretizationawith linear approximationsttainratesof cornvergencethatarevery closeto thosefor
problemsawith smoothsolutions Globalh-re®nementsppliedto non-uniformmeshe$15or F17,for
example deliverratesthatarealmosttwice aslargeasthosefor uniform meshre®nement\We canalso
obsenethatthe cornvergenceratesfor quadraticapproximationsncreasesigni®cantlywith thelevel of
re®nementroundthe crackfront approachinghosefor problemswith smoothsolutions.

P-enrichment on locally re ned meshes In this section,we investicate the performanceof p-
enrichmenbn non-uniformmeshesDiscretizationdrom the CC, EC andBC familiesareconsidered
andpolynomialorderl p;q 4.High-order®nite elemengapproximation®nmesheshatcanisolate
the singularitycandeliver exponentialcorvergencerates [32]. We investicgatethe performanceof the
proposedyeneralized~EM on meshesvith 15 and17 levelsof re®@nementt the crackfront (F15and
F17 meshes).
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Figure 15. Edge crack: error corvergencerates for p-enrichmenton locally re ned meshes(effect of the
interpolationorder).

The convergencerate in the enegy norm for p-enrichmentappliedto h-uniform meshess, for
problemswith non-smoothsolutionsand with respectto numberof degreesof freedomin three
dimensionsp = 2=3/ . For theedgecrackproblem,the smoothnesparametel = 0:5 andtherefore
b = 0:333.P-enrichmentappliedto alocally re®@nedmesh onthe otherhand,candeliver muchhigher
cornvergencerates,dependingon how well the meshcanisolatethe singularitieq33].

We reportonly someof our resultsin Figure 15. We shav the corvergencerate for p-enrichment
appliedto mesheswith cutting crackCC with 15 and 17 levels of crackfront re®nementandfor p-
enrichmentppliedto BC discretizationgcracklocatedat elementoundariesyvith 17 levelsof crack
front re®@nementTheresultsfor meshwith explicit cracks(EC discretizationsarenot reportedsince
sincethey are exactly the sameasthosefor the BC discretizationsThis, as previously discussedis
expectedsince EC and BC discretizationdead to the sameapproximationspacesThe corvergence
curvesshavn in Figure15 have theshapeof aninvertedS whichis typical for p-enrichmentappliedto
locally re®nedmesheg33]. The corvergenceratesinitially increasesvith the polynomialenrichment
andlater on decreasesdndicatingthatthe solutionis enteringthe asymptoticrange.All corvergence
ratesshovn in Figure 15 arein generalat leasttwice aslarge asthe caseof p-enrichmentapplied
to uniform meshesThe F17 meshesdeliver higher corvergenceratesthan the F15, as expected,
sincethey canbetterisolatethe singularity However, for a given numberof degreesof freedom,the
F15 meshegjive a smallererror for the the range of polynomialorders usedin the computations
The situationmight reversefor higher polynomial orders.The highestrate shavn in the ®gure is
0:832=0:333= 2:5 timesthe rate for p-enrichmentappliedto uniform meshesWe canalsoobsene
thatthe performancef the CC andBC discretizationsrevery close.

A summaryof all theresultsfor the edgecracktestwith CC discretizationss reportedn Figure16.
The performanceof h-re®nemeniappliedto uniform andlocally re®nedmeshess comparedwith p-
enrichmentppliedto locally re®@nedmesheslt canbe obseredthatthe optimal strat@y in termsof
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Figure16. Edgecrack:summaryof corvergenceratesof relative enegy normerror (CC discretizations).

errorlevel for agivennumberof degreesof freedom depend®nthetargeterror P-enrichmengapplied
to locally re®@nedmeshess the mosteffective strateyy for errorlevelsbelon 30%.Worth notingis the
improvementasthe approximatiororderis increasedrom two to threeon the F17 mesh(curve with
asterisks)If this samemesh(F17 with p= q= 2) is insteadglobally re®nedandthe approximation
orderkept constant(curve with ®lled circles),the improvementon the solutionis lesspronounced.
In the ®rst case the rate of convergenceis equalto 0.814while in the secondthe rateis 0.483.The
p-extension,n this casedeliversa smallererrorusingfewer degreesof freedomthanthe h-extension.

3.1.2. Triple joint crack We have performeda seriesof analyseon thetriple joint crackproblem
shawvn in Figure4(b). For this problem we concentraten p-extensionsappliedto non-uniformmeshes
sincethe edgecrack problemshaved that this is the most effective stratgy. The samepolynomial
orderfor the continuousanddiscontinuoushapeunctionis usedin all computationsWe alsoinclude
uniform h-re®nementesultsto have a baselinefor comparisonThe resultsare very similar to those
reportedpreviously for the edgecrack case.In this example,we considerednly discretizationsn
which the discontinuitysurfacescut throughthe ®nite elementsasshavn in Figuress5(b) and17. The
solutionon elementsnteractingwith the branchedtcracksurfaceis approximatedvith thegeneralized
FEM shapefunctionspresentedn Section2. The selectionof discontinuougnrichmentfunctionsat
a node,if ary, is donewith the aid of the algorithmdiscussedn 2.1. Figure 18 shovs nodeswith
discontinuougnrichmenfunctionson uniformandnon-uniformmeshesThevalueof theexactstrain
enegy for this problem,Ugme = 1:37178 10 # Ib.in, wasestimatedusingthe proceduredescribed
previously.

Homogeneoud-re nements We ®rst employedhomogeneouk-re®nementdor linear (plql) and
quadratic(p2g2) approximationsThe curves correspondindo thesediscretizationsare indicatedas
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Figure 17. Mesh with strongre nement at the crack fronts: CC discretizationwith 10 levels of crack front
re nement(meshCC; F10).

“hom. h-ref p1ql” and“hom. h-ref p2g2” in Figure19, respectiely. Theresultsreportedn the®gure
shav thattheasymptoticcorvergenceratein enegy normfor h-re®nements very closeto 0:1666,like
in theedgecrackproblem.

P-enrichment on locally re ned meshes The performanceof p-enrichmentson meshedocally
re®nedat the crackfronts was also investicated.Mesheswith 10 and 15 levels of re®@nementat the
crackfronts,asshowvn in Figure17, wereemployed. Theresultsareshovn in Figure19 togethemwith
thosefor the uniform meshre®nementWe canobsenethat,asin theedgecrackproblem,strongmesh
re®nementat the crackfronts areableto isolatethe singularitiesand deliver high cornvergencerates
in the pre-asymptoticange.The reductionin cornvergencerate with p-enrichmentindicatesthat the
solutionis enteringthe asymptoticrange.This behaior is typical of p-extensionson locally re®ned
meshe$32]. Strongere®nementtthe crackfrontswould delaythis behaior. The F 15 meshdelivers
higher corvergenceratesthanthe F 10 mesh,as expected However, for a given numberof degrees
of freedom,the F10 meshdeliversa smallererror thanthe F15 mesh.The behaior is probablythe
oppositefor lower error levels (notetheintersectiorof thetwo curvesin Figure19). Like in theedge
crackproblem,we canobsenre thatit is not practicalto achieve errorlevelsbelon 10% usinguniform
meshre®nementP-extensionson locally re®nedmeshesrequite effective for this classof problems.
Figure20 shavs the von Misesstresdistribution computedon the meshwith 15 levelsof crackfront
re®nemenandp = g= 3. Thepresenc®f singularitiesat the crackfrontscanbeclearlyobsened.

3.2. Multi-branched crack

The e xibility and generalityof the proposedapproachcan be appreciatediy consideringa more
challengingproblemlike the oneshavn in Figure21. The(21in  21in 1 in) three-dimensional
platewith a multi-branchedliscontinuityis loadedby a unit tension.The plate materialobeys linear
elasticitywith Youngs modulusequalto 2  10° psiandPoissors ratio equalto 0:3. Thevalueof the
exactstrainenegy, Uexaq = 0:382226lb.in, wasestimatedisingthe procedurebasedn a-priori error
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Figure 18. Nodeswith a solid spherehave continuous,ﬁ%a (x) =ja(x)Lja(x), and discontinuousﬁ?aj(x) =
Ja(X)Hi(x)Lja(x), GFEM shapefunctions.All other nodeshave continuousGFEM shapefunctions only.

MeshesCC; FO (left) andCC; F10 (right).
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Figure19. Triple-joint crack: summaryof corvergenceratesof relative enegy normerror (CC discretizations).
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Figure20. Von Misesstresdistribution computedon meshCC; F15andp= gq= 3.

Figure21. Multi-branchedcrackproblem(left) with 10 levelsof meshre nementat crackfronts(right).

[HpBranched- Decembe£8, 2006]



A 3D HIGH-ORDERGFEM FORTHROUGH-THE-THICKNESSBRANCHED CRACKS 230f 29

Figure22. Nodeswith a solid spherehave continuous,ﬁaj\a(x) = ja(X)Lja(x), and discontinuousf%j(x) =
J a(X)Hi(x)Lja(x), GFEMshapéunctions.All othernodeshave continuousGFEM shapeunctionsonly. Mesh

CC; FO.

estimates.

Likein thepreviousproblem,we considerednly discretizationgrom theCC family with 5, 10and
15 levels of meshre®nementt the crackfronts (CC F5, F10 andF 15 meshes)The constructionof
thelocalre®nementganbedonefully automaticallyusingthelocationof thecrackfronts.All theuser
needsto provide is the level of re®@nementusedat the crackfronts. Figure 21 shavs meshe<CC FO
andCC F10. Figure22 shavs the nodesof meshCC FO0 enrichedwith discontinuoudunctions.The
algorithmdiscussedh Section2.1,wasusedto selectthe discontinuougnrichmentgunctionsusedat
eachnode.

Figure 23 shavs the actual tcl [39] codeusedto solve the multi-branchedcrack problemon the
discretizatiorCC F10, p= q= 3. Thecodeincludesall stepsn theanalysis:

1.

2.
. Localre®nemenbf elementaroundeachoneof thesevencrackfronts,i.e.,thecreationof mesh

w

~No orh~

Loading of ®le with GFEM model de®nition. This includes nodes,elements,material and
boundaryconditions;
Loadingof branchectracledgeometry;

CCF10;

. Creationof discontinuougnrichmenfunctionsbasedn the branchedcrackgeometry;
. Assignmenbf continuousanddiscontinuougnrichmenfunctionsto nodes;

. Solutionof the problem;

. Computatiorof strainenegy.

No userinterventionis requiredto performtheanalysisyegardlesof thecompleity of thebranched
cracksurface.This allows the solution of a large numberof problemsandis ideal, for example,for
parametricstudies.
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# read model: Nodes, elements, material, boundary conditions, etc.
readFile  complexBranchedCrack.grf phfile

# create a linear analysis object

createAnalysis linear
# read branched crack definition and create a crack manager object
crackManager create crackMgID 2 crackFile "complexBranchedCrack.crf "

# Refine elements that intersect the crack fronts
set nref 10

for {set iref 0} {$iref < $nref}  {incr iref} {
crackManager refineProbMesh crackMgID 2 crackFronts

}

# create step functions and assign them to nodes
crackManager process crackMgIiD 2

# resulting p-order of approximation
set p 3
# Enrich nodes with continuous and discontinuous functions

enrichApprox all iso approxOrder $p

# Assemble left and right hand side
assemble

# solve linear  problem
solve

# compute strain  energy
work
exit

Figure23. Actualtcl codeusedto solve themulti-branchecatrackproblemonthediscretizatiolCC F10 p= gq= 3.

P-enrichmentonlocally re ned meshes Thep-versionof theGFEMwasusedo solvethisproblem.
Mesheswith different levels of re®nementat the crack fronts were used. Figure 24 reportsthe
cornvergenceratesin enegy norm.As in the previous examples the corvergenceratesincreasesvith
the level of re®nementat the fronts. This indicatesthat the local re®nementsare ableto isolatethe
singularitiesand extend the pre-asymptotiadangeof the curves. The meshwith ten levels of crack
front re®@nemeniF 10) is the mosteffective for errorslevels belov 20%. This is similar to the triple-
joint problem.For errorlevelsbelonv 5%, mesheswith higherlevels of front re®@nemeninay be more
effective.
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Figure24. Multi-branchedcrack:p-enrichmenbnlocally re ned meshes.

4. SUMMARY AND CONCLUDING REMARKS
This paperpresents generalized®nite elementmethodfor through-the-thicknesthree-dimensional
branchedcracksin which the crack topology is representedndependentlyfrom the background
®nite elementmesh.The methodis a high-orderextensionto three-dimensionabranchedcracksof
the enrichmentproceduredescribedn [6] for two-dimensionabpolycrystallinestructures Although
the numericalexamplesreportedin Section3 involvesthrough-the-thicknessracks,the formulation
presentedn Section2 is valid for generalthree-dimensiongbroblems Further cohesve or frictional
contactlaws [21, 40-53 canbe easilyincorporatedoy appropriatemodi®cationsof the formulation
reportedn [6, Sec.5.2].

The proposedapproach,basedon p-enrichmentof locally re®ned meshes,is gearedtowards
simplicity and generality Analytical expressionof nearfront ®elds are not used.The approachis
thereforesuitedto generallinear and non-linearanalysesand doesnot require specialintegration
stratgjies for singularfunctions. An alternatve approachfor single cracksin two-dimensionsvas
proposedy Labordeetal.[25] andBechetetal.[27]. In theirapproachsingularenrichmenfunctions
are usedat all ®nite elementnodeswithin a prescribeddistancefrom a crack tip. The size of the
enrichmentzoneis kept®xed asthe backgroundmeshis re®nedby enrichingadditionalnodes.This
strat@y is restrictedto situationsin which analyticalexpression®f nearfront ®eldsareavailable.

A numberof importantconclusionsanbedravn asaresultof the numericalanalysesOur ®ndings
demonstrat¢hatcrackfront enrichmenfunctionsarenot mandatoryto achieving accurateesultsand
high corvergencerates.Instead,the combinationof local re®nementat crack fronts and high-order
continuousand discontinuousenrichmentprovesto be an excellentcombinationwhich can deliver
convergenceratescloseto thatof problemswith smoothsolutions speciallyfor linearapproximations
(seeTablel). It is worth noting herethat local meshre®nements greatly simpli®ed sinceelement
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boundariesneednot to be alignedto crack surfaces.The meshingstageis thereforetruly automatic,
with no needfor userintervention(seeFigure23).

Anotherimportantoutcomeof our analysess thatthe sameorderof approximatiorshouldbe used
for the continuousanddiscontinuougart of the displacemen®eld — a similar remarkwas madeby
Labordeetal. [25, Sec.3.4.3]with respecto the approximatiorschemeproposecy Stazietal. [22].

As a ®nal remark,it bearsmentioningthat a-posteriorierror indicators[37, 38] could be usedto
drive the meshre®nemenprocessdnsteadto a-priori selectinga givenlevel of crackfront re®nement
asdonein thiswork.
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