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SUMMARY

This paper presentshigh-order implementationsof a generalized�nite element method for through-the-
thicknessthree-dimensionalbranchedcracks.Thisapproachcanaccuratelyrepresentdiscontinuitiessuchastriple
joints in polycrystallinematerialsand branchedcracks,independentlyof the background�nite elementmesh.
Representative problemsare investigatedto illustrate the accuracy of the methodin combinationwith various
discretizationsand re�nement strategies. The combinationof local re�nement at crack fronts and high-order
continuousanddiscontinuousenrichmentsprovesto beanexcellentcombinationwhich candeliver convergence
ratescloseto thatof problemswith smoothsolutions.

KEY WORDS: branchedcrack; generalized�nite elementmethod; hp-method; high-order �nite elements;
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1. INTR ODUCTION

Crackbranchingis adistinctive featureof many failuremechanisms.Problemsasdiverseascorrosion
assistedcracking[1, 2] andhighvelocity impactor dynamiccrackpropagation[3–5] arecharacterized
by the appearanceof branchedcracks.In this paper, we presentextensionsof the GFEM presented
in [6] thatareableto handlethrough-the-thicknessthree-dimensionalbrancheddiscontinuitieswhich
areindependentof the®nite elementmesh.Thecombinationof meshindependentdiscontinuitiesand
of theproposedhigh-orderGFEMapproximationsprovidesavery �e xible androbustmethodthatcan
deliveraccuratesolutionsandhighconvergencerates.

The®nite elementanalysisof crackbranchingproblemsposeschallengingdemandsalreadyat the
discretizationstage.Thesingularitiesat crackfronts requirestronglyre®nedmeshesthatmust®t the
discontinuitysurfaceswhile keepingthe aspectratio of the elementswithin acceptablebounds[7–
14]. Theserequirementsarenot alwaysmetor maybesatis®edby usinga largenumberof elements.
Meshingaroundthe branchingsurfacecanalsobe dif®cult andleadsto a large numberof elements
whentheanglebetweenthebranchesis small.
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AlgorithmssuchasDelaunaytriangulationareheavily appliedto generateunstructuredmeshes[11,
15]. Thesealgorithmsmaximizetheminimumanglein themeshwith the intentof producinga mesh
with equilateraltriangles.Unfortunately, complex geometriesmaycausethegenerationof anenormous
quantityof elementsto satisfymeshqualityconstraintsattheexpensesof increasedcomputationalcost.
Anotherdrawbackof many Delaunay-basedmeshingmethodsis theappearanceof sliver elementsin
three-dimensionaldomains[9, 10]. Theseelementshave a detrimentaleffect on the accuracy of the
®nite elementsolution.Their removal is usuallydonethrougha meshoptimizationstepwhichaddsto
themeshgenerationtimeandrequiresacertainamountof userintervention.

Theworkpresentedin thispaperbuildsuponthegeneralizedFEM for polycrystalsrecentlyproposed
by Simoneet al. [6]. Here, the displacement®eld is enrichedwith high-orderhierarchicalGFEM
approximations.Thesehierarchicalapproximationsarebuilt to accountfor the discontinuousnature
of the displacement®eld acrosscrack surfaceswith a proceduresimilar to that devised in [16–18]
for a continuous®eld alone.Our GFEM shapefunctionsarehowever equivalentto thoseproposedby
Dauxetal. [19] in thecaseof piece-wiselinearapproximationsin two-dimensions.Thisequivalenceis
discussedin detailsin [6]. In thecaseof a single(non-branching)discontinuityandpiece-wiselinear
approximations,the proposedGFEM shapefunctionsreduceto thoseproposedin [20]. Theoretical
aspectsof ourapproachareillustratedin Section2.

At variancewith theestablishedenrichmentof thedisplacement®eld with discontinuousfunctions
and the use of linear approximationsproposedby Moës et al. [20] in the so-called X-FEM,
approximationordershigherthanonehave beenexploited in variousformsby Wells andSluys[21],
Staziet al. [22], Chessaet al. [23], Mariani andPerego [24], andLabordeet al. [25]. In this work, we
have consistentlyusedhigh-orderhierarchicalGFEM approximationsfor singleandmulti-branched
cracks.High-order enrichmentfunctions are usedwith a linear ®nite elementpartition of unity.
Therefore,all nodaldegreesof freedomarede®nedat elementvertex nodeswhich facilitatesmesh
generation,specially in three-dimensionalcomputations.This is in contrastwith the useof high-
order non-hierarchicalLagrangianpartition of unity functionswith piece-wiseconstantenrichment
functions[21–23,25]. Thisapproachleadsto nodesonelementedges,facesandinterior. Hierarchical
approximationsarealsoideal for theconstructionof non-uniformpolynomialapproximationswhich
canbeveryeffectivefor someclassof problems[26]. Otheradvantagesof hierarchicalGFEM,suchas
thenon-zerostructureof theresultingstiffnessandmassmatrices,arediscussedin [16–18].Theissue
of lineardependenceof hierarchicalGFEMenrichmentsis alsodiscussedin detailsin [18].

The combinationof the proposedhigh-orderGFEM approximationswith non-uniformmeshesis
discussedin Section3. There,we show the resultsobtainedin a convergencestudyusing this type
of discretizationfor problemswith through-the-thicknesssingleandbranchedcracks.A comparison
of variousdiscretizationsandre®nementstrategiesreportedin Section3.1 shows that the useof p-
enrichmenton locally re®nedmeshis themostef®cientstrategy to achieveaccuratesolutionsandhigh
convergencerates,even without the useof crack front enrichmentfunctions[25, 27]. This speci®c
choicehasthe advantageof preservinga conformingapproximationwithout the necessityto enrich
severallayersof elementsaroundthecrackfront,asotherwiseproposedby Labordeetal. [25]. Further,
it enhancesthe�e xibility of theapproachascrackfrontenrichmentfunctions,whenknown,aredif®cult
to integrate.
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2. HIGH-ORDER APPROXIMA TIONS FOR BRANCHED CRACKS

Branchedcracksin two- andthree-dimensionscanbe describedwith the GFEM for polycrystalline
structurespresentedin [6]. Here,weadaptthatformulationto thecaseof branchedcracksandimprove
it usinghigh-orderenrichmentfunctions.The formulationis valid for branchedcrackswith arbitrary
numberof branches.However, the illustration of the main ideasis donewith the aid of the two-
dimensionalcaseshown in Figure1. We alsoassumethat crack fronts are locatedat the boundary
of elements.This approachwasoriginally proposedin [21] andgreatlysimpli®esthe computational
implementation.Introductoryreferenceson thegeneralizedFEM are,e.g.,in [17, 18, 28, 29]. In this
section,weassumethereaderhassomebasicunderstandingof themethod.

R 2

R 3

R 1

W

Wbranch
2 I c-f

2 I front

Figure1. Neighborhoodof a branchedcrackin a two-dimensionaldomain.

ConsideradomainWwith abranchedcrackasillustratedin Figure1.Thisdomainmay, in turn,bea
subdomainof a largerdomainwith severalbranchedcracks.Let I front denotea setwith theindicesof
nodes/®niteelementpartitionof unity functions,j a , whosesupports,wa , intersectacrackfront. Note
that sincea ®nite elementis an openset,the intersectionof an elementwith a crackfront locatedat
its boundaryis empty. Let I crack denotetheindicesof nodes/®niteelementpartitionof unity functions
whosesupportsintersectacracksurface.ThesetI c-f containstheindicesthatbelongto I crackbut not
to I front, i.e., I c-f = I crack� I front.

A neighborhoodof abranchedcrackis adomainde®nedby

Wbranch=
[

a 2I c-f

wa (1)

ThecracksurfacesdivideWbranchin NR non-overlappingregionsdenotedby R i ; i = 1; : : : ;NR , i.e.,

ÅWbranch=
NR[

i= 1

ÅR i ; R i \ R j = /0 if i 6= j (2)

In thecaseof the triple joint shown in Figure1, for example,Wbranch is divided in threeregions.The
derivation of GFEM approximationsde®nedin Wbranch is analogousto that usedfor polycrystalline
structurespresentedin [6].

Theelasticitysolutionu in Wbranchis of theform

u = û +
NR

å
i= 1

H i ũ i ; (3)
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whereH i(x ) denotesadiscontinuousfunctionde®nedby

H i(x ) =
�

1 if x 2 R i
0 otherwise

; (4)

while û and ũ i ; i = 1; : : : ;NR , are continuousfunctionsde®nedon Wbranch and R i , respectively.
We assumethat the cracksurfacesarenot in contact.In the caseof contact,the non-penetrationof
cracksurfacescanbe enforcedusing,for example,a cohesive formulationwith a very stiff cohesive
stiffnessin thedirectionnormalto thesurfaces.Theprocedureis analogousto thatusedin [6] to avoid
penetrationof grainboundariesin apolycrystallinestructure.

A partitionof unity approximationof polynomialdegreep, û hp, of û is givenby

û hp =
Nb

å
a = 1

j a (x )û hp
a (x ) =

Nb

å
a = 1

j a (x )
DL

å
j= 1

û a jL ja (x ) =
Nb

å
a = 1

DL

å
j= 1

û a j f̂ ja (x ) (5)

where Nb is the number of nodes in the mesh de®ning Wbranch, û hp
a ; a = 1; : : : ;Nb, are local

approximationsof û de®nedon wa , û a j andf̂ ja (x ) = j a (x )L ja (x ); a = 1; : : : ;Nb; j = 1; : : : ;DL
arenodaldegreesof freedomandgeneralized®nite elementshapefunctionsof degreep, respectively,
andDL is thedimensionof a setof polynomialenrichmentfunctionsof degreelessor equalto p� 1.
Our implementationfollows [17, 18] andthesetf L ja gDL

j= 1 for a nodex a = (xa ;ya ;za ) is givenby

�
L ja

	 DL
j= 1 =

�
1;

(x� xa )
ha

;
(y� ya )

ha
;
(z� za )

ha
;
(x� xa )2

h2
a

;
(y� ya )2

h2
a

; : : :
�

with ha beingascalingfactor[17, 18]. Theseenrichmentfunctionsandthecorrespondinggeneralized
FEshapefunctions,f̂ ja , areidenticalto thosede®nedin [18] for tetrahedralelements.

Partitionof unity approximationsof degreep for ũ i ; i = 1; : : : ;NR , aregivenby

ũ hp
i =

Nb

å
a = 1

j a (x )ũ hp
ia (x ) =

Nb

å
a = 1

j a (x )
DL

å
j= 1

ũ ia jL ja (x ) (6)

whereũ hp
ia ; a = 1; : : : ;Nb, arelocalapproximationsof ũ i de®nedonwa andũ ia j ; a = 1; : : : ;Nb; j =

1; : : : ;DL, arenodaldegreesof freedom.
Fromtheabove,wehave thatapartitionof unity approximation,u hp, of u is givenby

u hp(x ) =
Nb

å
a = 1

j a (x )û hp
a (x ) +

NR

å
i= 1

H i(x )
Nb

å
a = 1

j a (x )ũ hp
ia (x )

=
Nb

å
a = 1

j a (x )

"

û hp
a (x ) +

NR

å
i= 1

H i(x )ũ hp
ia (x )

#

=
Nb

å
a = 1

j a (x )u hp
a (x )

=
Nb

å
a = 1

j a (x )

"
DL

å
j= 1

û a jL ja (x ) +
NR

å
i= 1

H i(x )
DL

å
j= 1

ũ ia jL ja (x )

#

=
Nb

å
a = 1

DL

å
j= 1

û a j j a (x )L ja (x ) +
Nb

å
a = 1

DL

å
j= 1

NR

å
i= 1

ũ ia j j a (x )H i(x )L ja (x )

=
Nb

å
a = 1

DL

å
j= 1

û a j f̂ ja (x ) +
Nb

å
a = 1

DL

å
j= 1

NR

å
i= 1

ũ ia j f̃ ia j (x )
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where u hp
a ; a = 1; : : : ;Nb, are local approximations of u de®ned on wa , f̃ ia j (x ) =

j a (x )H i(x )L ja (x ); a = 1; : : : ;Nb; j = 1; : : : ;DL; i = 1; : : : ;NR , aregeneralizedFE shapefunctions
of degreep.

ThegeneralizedFE shapefunctionsatanodex a aregivenby

� p
a =

�
f̂ ja

	 DL
j= 1

NR[

i= 1

H i
�

f̂ ja
	 DL

j= 1

= j a � f 1;L2a ; : : : ;LDLa ;

H 1;H 1L2a ; : : : ;H 1LDLa ;

H 2;H 2L2a ; : : : ;H 2LDLa ; : : : ;

H NR ;H NR L2a ; : : : ;H NR LDLa
	

TheenrichmentfunctionsH i(x )L ja (x ); j = 1; : : : ;DL; i = 1; : : : ;NR , aredenotedhigh-order step
functions. Thenumericalexamplespresentedin Section3 show thatthesefunctionscandeliveroptimal
convergencerates.

Approximationsof the samepolynomial degree are used above for the continuous,û hp, and
discontinuous,ũ hp

i , componentsof the solution.However, this is not necessary. Hereafter, p andq
are usedto denotethe polynomial degreeof û hp and ũ hp

i , respectively. In the numericalexamples
analyzedin Section3,GFEMapproximationswith 1 � p;q � 4 areused.Below, welist afew examples
of GFEMapproximationsfor branchedcracks..

� GFEM(p = 1;q = 1). In this case,the local approximationsû hp
a ; ũ hp

ia ; a = 1; : : : ;Nb; i =

1; : : : ;NR , areconstantover wa , i.e.,
�

L ja
	 DL

j= 1 = f 1g and the shapefunctionsat a nodex a

aregivenby
� p= q= 1

a = j a �
�

1;H 1;H 2; : : : ;H NR

	
(7)

whicharethesamegeneralizedFEshapefunctionspresentedin [6], i.e.,werecoverthesimplest
possiblecase,thatof apiecewiselinearapproximationof u .

� GFEM(p = 2;q = 0). Thiscasecorrespondsto thegeneralizedFEshapefunctionsintroducedin
[17, 18]. Theshapefunctionsatanodex a aregivenby

� p= 2;q= 0
a = j a �

�
1;

(x� xa )
ha

;
(y� ya )

ha
;
(z� za )

ha

�
(8)

Theseshapefunctions,of course,cannotrepresentthediscontinuouscomponentsof thesolution
ũ hp

i . In Section3, we usethesefunctionsin combinationwith meshes®tting thecracksurfaces.
Thesemeshesmodelthecracksurfacesexplicitly like in theFEM.

� GFEM(p = 2;q = 2). Theshapefunctionsatanodex a aregivenby

� p= q= 2
a = j a �

�
1;

(x� xa )
ha

;
(y� ya )

ha
;
(z� za )

ha
;

H 1;H 1
(x� xa )

ha
;H 1

(y� ya )
ha

;H 1
(z� za )

ha
;

H 2;H 2
(x� xa )

ha
;H 2

(y� ya )
ha

;H 2
(z� za )

ha
; : : : ;

H NR ;H NR

(x� xa )
ha

;H NR

(y� ya )
ha

;H NR

(z� za )
ha

�
(9)

[HpBranched– December28,2006]



6 of 29 C.A. DUARTE, L.G. RENO,A. SIMONE

� GFEM(p = 2;q = 1). Theshapefunctionsatanodex a aregivenby

� p= 2;q= 1
a = j a �

�
1;

(x� xa )
ha

;
(y� ya )

ha
;
(z� za )

ha
;H 1;H 2; : : : ;H NR

�
(10)

If we have a single (non-branching)discontinuity in the domain and the problem is two-
dimensional,theshapefunctionsarereducedto

� p= 2;q= 1
a = j a �

�
1;

(x� xa )
ha

;
(y� ya )

ha
;H 1

�
(11)

Theseshapefunctionsareequivalent to thoseproposedby Staziet al. [22]. In Section3, we
comparetheperformanceof thesefunctionswith thosefrom GFEM(p = 2;q = 2).

Let us note that the high-orderapproximationsdevelopedabove are,of course,applicableto the
GFEMfor polycrystalspresentedin [6].

Anotherformulationfor modelingbranchingcracksbasedon thepartitionof unity framework was
proposedby Daux et al. [19]. They proposedpiecewise linear approximationsto model branching
cracksin two-dimensions.A detailedcomparisonbetweenthetwo approachescanbefoundin [6].

2.1. Selectionof nodal enrichment

In general,several stepfunctionsH i areconstantover the supportwa of a given partition of unity
function j a andshouldthereforenot be usedin actualcomputations.Linear dependenceamongthe
constantandstepfunctionscanalsooccur. A simpleprocedureto eliminatetheselineardependences
waspresentedin [6, Sec.6.2]. In the caseof branchedcracks,the procedureis essentiallythe same
with two exceptions:(i) Nodesin thesetI front arenot enrichedwith discontinuousfunctions;(ii) In
thecomputationof the intersectionof boundary, ¶R i , of regionsR i ; i = 1; : : : ;NR , with thesupport
wa of nodesx a ;a = 1; : : : ;Nb, only the portionsof ¶R i that areon a cracksurfaceareconsidered.
The algorithm is presentedin Figure2 and illustratedin Figure3. Figures18 and 22 illustrate the
applicationof this algorithm in threedimensions.In these®gures,nodeswith a solid spherehave
continuous,f̂ ja (x ) = j a (x )L ja (x ), anddiscontinuous,̃f ia j (x ) = j a (x )H i(x )L ja (x ), GFEMshape
functions.All othernodeshavecontinuousGFEMshapefunctionsonly.

If high-orderenrichmentfunctionsareused,theresultinggeneralizedFE shapefunctions� a ; a =
1; : : : ;NR , canstill belineardependent.An algorithmfor handlingthiscaseis describedin [18].

2.2. Crack fr ont enrichment

TheGFEMshapefunctionspresentedin Section2 donotusenearcrackfrontexpansionsasenrichment
functions.Thestressstatein theneighborhoodof acrackfront is notwell known in three-dimensions,
andanalyticalexpansionsareavailableonly for particularcrackgeometries[30, 31]. Complex crack
frontgeometries,curvedcracksurfacesor theintersectionof thecracksurfacewith theboundary, create
complex stressdistributionsthat are,in general,not amenableto closedform expansions.Similarly,
non-linearfracturemodelsgeneratestressstatesthatarenot amenableto analyticalexpansionsin the
neighborhoodof aprocesszone.

Two additionaldif®cultieswith nearcrackfront enrichmentfunctionsaretheirnumericalintegration
andthe needto enrichseveral layersof elementsaroundthe crackfront in orderto achieve optimal
convergencerates[25, 27]. Integrationerrorsmayleadto wrongconclusionsin aconvergenceanalysis
sincethey may canceldiscretizationerrorswhencomputing,for example,the strainenergy. In this
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Creategeometricalrepresentationsfor regionsR i ; i = 1; : : : ;NR . RegionR i canbelarger(but not
smaller)thanpreviouslyde®nedandillustratedin Figure1. Theonly constraintis that ÅR i \ ÅR j ,
i 6= j, is non-emptyonly alongcracksurfaces.
foreachnodex a ;a = 1; : : : ;Nb, do

if a 2 I front then
continue;

endif
foreachregionR i ; i = 1; : : : ;NR ; 2 Wbranch do

if wa \ ¶R i 6= /0 then
if Intersectionis alonga crack surfacethen

Enrichnodex a with stepfunctionH i
endif

endif
endfch
if nodex a hasmore thanonestepfunctionenrichmentthen

Discardoneof them.
endif
Add high-orderstepfunctionsto thenodeif q > 1.

endfch

Figure2. Algorithm to selectstepfunctionsfor nodesin neighborhoodWbranchof a branchedcrack.

R 2

R 3

R 1

(b)(a)

R 2

R 3

R 1

R 2

front node

R 1

R 3

Figure3.Nodalenrichmentprocedurefor abranchedcrackin atwo-dimensionaldomain:(a)enrichmentfunctions
areaddedto Wbranchde�ned in Figure1; and(b) surplusenrichmentfunctionsareeliminated.Notethatnodeson
the crack front (with index in I front) are not enriched.The procedureis detailedin the algorithm reportedin

Figure2.

[HpBranched– December28,2006]



8 of 29 C.A. DUARTE, L.G. RENO,A. SIMONE

paper, we follow the classicalFEM approachof resolvingthe non-smoothdisplacement®eld neara
crackfront by local meshre®nementscombinedwith high-orderapproximations[32]. This approach
avoidsthedif®cultiesandlimitationsrelatedto nearcrackfront enrichmentfunctionswhile beingable
to deliver high convergenceratesasdemonstratedin Section3. Theconstructionof hp discretizations
in the neighborhoodof a crackfront is not dif®cult in the generalizedFEM sincecracksurfacesare
allowedto cut elements.Themeshre®nementcan,therefore,beperformedasif there were no cracks
in thedomain. Illustrativeexamplesarepresentedin Section3.

2.3. Equivalenceof approximation spaces

In [6, Sec.4], wehaveshown thatthediscretespacesspannedby linearFEM shapefunctionsandlinear
GFEM functions(p = 1;q = 1) areidenticalwhenmeshes®tting thecracksurfacesareused.GFEM
shapefunctions(p = 1;q = 1) aregiven in (7). Thesameproof canbeusedto show theequivalence
betweenthecorrespondingfamiliesof high-orderGFEM shapefunctions.I.e., thefollowing families
of shapefunctions,whende®nedonmeshes®tting thecracksurfaces,areequivalent:

(i) GFEM (p;q = 0) with cracksurfacesexplicitly modeledlike in theFEM. An exampleof shape
functionsfrom this family is given by (8). In Section3.1.1,we usethe acronym EC (explicit
crack)to identify this family;

(ii) GFEM(p= q). An exampleof shapefunctionsfrom this family is givenby (9). In Section3.1.1,
weusetheacronym BC (boundarycrack)to identify this family.

The discretespacesspannedby thesetwo families of functionsare identical.The corresponding
discretizationshave the samenumberof degreesof freedomandthe GFEM solutionscomputedon
thesediscretizationsareidentical.

3. EXAMPLES

To assesstheproposedhigh-ordergeneralizedFEM approximationfor branchedcracks,weperformed
a seriesof benchmarkanalyses.The quality of our resultswasmeasuredusing the relative error in
energy norm

kek =

p
Uexact � Uapprox

p
Uexact

; (12)

whereU is the strain energy. The value of the exact strain energy, Uexact , was estimatedusing the
proceduredescribedin [33]. Theestimationis basedon a priori errorestimatesin energy normanda
sequenceof GFEMsolutionsgeneratedwith p-enrichments.Theapproachassumesthatthediscretized
energy convergesmonotonically. Usinga-priori errorestimatesweget

log Uexact � Up
Uexact � Up� 1

log
Uexact � Up� 1
Uexact � Up� 2

�
log

Np� 1
Np

log
Np� 2
Np� 1

:= Q; (13)

whereUi arethevaluesof thestrainenergy for differentnumberof degreesof freedomNi . Theexact
energy, Uexact , is computedby solvingthenon-linearequation

Uexact � Up

Uexact � Up� 1
�

�
Uexact � Up� 1

Uexact � Up� 2

� Q

:
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(a) (b)

unit thickness unit thickness

2H

W = H = 1 inch
E = 10:9E6psi
n = 0:397

W = H = 2:5 inch
a=W = 0:6
b=a = 1:414
q = 45�

E = 2E5psi
n = 0:3

2W

q

2W

a

b

t0

t0

t0

t0

2H

Figure4. Thebenchmarktests.

Figure5. Examplesof discretizationfor through-the-thickness(left) edgecrackand(right) triple-joint crack.

Theerrorandtheconvergenceratein energy normfor a GFEM solutioncanthenbecomputedusing
Uexact .

3.1. Two benchmark tests

The benchmarksusedfor the convergenceanalysesare two three-dimensionalisotropicplateswith
through-the-thicknessedgeandtriple joint cracksunderunit tension.Bothexamplesarein smallstrain
isotropicelasticityandin bothcasesthespecimensareloadedin theverticaldirection.Specimensetups
andmaterialpropertiesarereportedin Figure4. An exampleof thediscretizationsusedin thisstudyis
shown in Figure5. As describednext, we performeda seriesof analyseswith differentdiscretizations
andre®nementstrategies.

3.1.1. Edgecrack For theedgecracktest,weconsideredthreefamiliesof discretizations:
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Figure 6. Edgecrack: three-dimensionaleffect close to the crack front (isosurfacesof the norm ku k of the
displacement�eld; ku k is not constantin thetransversaldirectionaroundthecrackfront).

1. Mesheswith an explicit crackmodeledwith doublenodeslike in the FEM. The generalized
FEM shapefunctionsusedwith this typeof discretizationarefrom thefamily GFEM(p;q = 0)
de®nedin Section2 andintroducedin [18]. Theacronym EC (explicit crack)is usedto identify
adiscretizationof this type;

2. Mesheswith cracksurfaceslocatedat elementboundaries,like in thepreviouscase,but without
doublenodes.Thecrackis modeledwith stepfunctionsandgeneralizedFEM shapefunctions
from thefamily GFEM(p;q) areused.A discretizationof this typeis identi®edby theacronym
BC (boundarycrack).As an example,a linear continuousanddiscontinuousapproximationof
thedisplacement®eld on a meshfrom this family is identi®edby GFEM(p = 1;q = 1); BC or
simplyby p1q1;BC;

3. Discretizationswith crack surfacespassingthroughthe elementsas shown in Figure 5. The
shapefunctionsGFEM(p;q) arealsousedwith this family. The acronym CC (cutting crack)
identi®esa memberof this family. A quadraticcontinuousanddiscontinuousapproximationof
thedisplacement®eld on a meshfrom this family is identi®edby GFEM(p = 2;q = 2); CC or
simplyby p2q2;CC.

Figure 6 shows the three-dimensionalbehavior of the solution nearthe crack front. As we have
usedaPoisson's ratio largerthanzero,kuk is notconstantin thetransversaldirectionaroundthecrack
front. In thefollowing,weassumel = 0:5 astheorderof thesingularity(smoothnessparameter)in the
estimatesfor theconvergenceratesof theerrornormreportedin [33]. Thesmallesteigenvalueof the
asymptoticexpansionof theelasticitysolutionin theneighborhoodof thecrackverticesis largerthan
0:5 [31]. Far from thevertices,thesmallesteigenvalueis equalto 0:5, theclassicaltwo-dimensional
case.Thesingularityof thesolutionfar from theverticeswill thusgovern theconvergencerate.The
valueof theexactstrainenergy for this problem,Uexact = 8:171644� 10� 7 lb.in, wasestimatedusing
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theproceduredescribedpreviously.

Homogeneoush-re�nement We ®rst studiedtheeffect of homogeneoush-re®nement.In this case,
theasymptoticrateof convergencein energy normwith respectto thenumberof degreesof freedom
is givenby b = 1=3minf p; l g, with p thepolynomialorderof theapproximationandl asmoothness
parameter. Since the solution is not smooth, the smoothnessparameterwill govern the rate of
convergencewhich is givenby b = 0:5=3 � 0:166.

A summaryof our resultsis shown in Figures7 and8. In all cases,convergenceratesin energy
normasymptoticallyapproachthetheoreticalrate.Therearehoweversomedifferencesin termsof the
errorproducedby thevariousapproximations.Whena crackis placedalongelementboundaries,the
curvesobtainedwith EC andBC discretizationsareindistinguishable– althoughtheshapefunctions
aredifferent,both approximationsspanthe sameapproximationspaces.This in agreementwith the
analysispresentedin Section2.3. On the other hand,the analyseswith meshescutting crack,CC,
producedaslightly highererrorwhencomparedto thecaseof acrackplacedalongelementboundaries.
A-priori errorestimatesfor theh-versionof thegeneralizedor standard®nite elementmethodareof
theform [28, 33,34]

ku� uhk � C
1

Nb
kuk

Therefore,theconstantC in theinequalityabove is largerfor discretizationsfrom theCC family than
for theBC family. TheGFEM shapefunctionsfrom theBC andCC familiesarebuilt usingthesame
procedure.Linear andquadraticfunctionsfrom thesefamiliesaregiven by (7) and(9), respectively.
The only differencebetweenthe resulting shapefunctions is the location of crack surfaceswith
respectto the supportof the partition of unity functions.In the caseof the BC family, the location
coincideswith boundaryof elementswhile in the CC family it doesnot, in general.The support
of a partition of unity function j a is the union of the ®nite elementssharinga vertex nodexa . A
function j a hasdiscontinuous®rst derivatives along the boundariesof the elementscomposingits
supportandcontinuousderivativeselsewhere.Therefore,in the caseof the BC family, cracks“cut”
j a alongsurfaceswherethefunctionhasdiscontinuous®rst derivatives.This apparentlymay leadto
a smallerconstantC thanwhenthecut is doneelsewhere.Anotherpossiblereasonfor thedifference
in performancebetweenthetwo families,is thelocationof thecrackfront with respectto theelement
boundaries.In the caseof the BC family, crackfronts are locatedalongelementedgeswhile in the
caseof theCC family they are,in general,locatedalongelementfaces(cf. Figure5). This argument
is supportedby thefact that thedifferencein performancebetweenthetwo familiestendto disappear
whennon-uniformmeshesaroundthecrackfront areused.Local meshre®nementaroundthe fronts
tendto createelementedgesator verycloseto thefrontsandthereforereducesthedifferencebetween
thetwo discretizations.Thiseffect is shown in Figures14and15whichareanalyzedin detaillateron.

A lower polynomialdegreefor thediscontinuouscomponentsof thesolution,i.e., q < p insteadof
q = p, producesa consistentlyhighererror comparedto the casewith p = q in all the analyses.In
particular, we usedthe interpolationschemeproposedby Staziet al. [22] for which p = 2 andq = 1.
As shown in Figure8, althoughtheasymptoticconvergencerateis thesame,theerror is consistently
higherwhenusingthis scheme(compare2 to � or # and� to 4 ). As a furthercomparison,shown in
Figure9, we notethattheerrorsproducedby Staziet al.'s schemeandthelinearinterpolationscheme
p = q = 1 arecomparablefor quitelargerangeof degreesof freedom.

Non-Uniform h-re�nement Next, weconsideredtheeffectof non-uniformh-re®nementatthecrack
front. It is possibleto createsequencesof non-uniformmeshessuch that the rate of convergence
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Figure7. Edgecrack:convergenceratesin energy normfor homogeneoush-re�nementof meshesfrom families
EC with p = 1, q = 0, BC andCC with p = q = 1.
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Figure8. Edgecrack:convergenceratesin energy normfor homogeneoush-re�nementof meshesfrom families
EC with p = 1, q = 0, BC andCC with p = q = 2 andp = 2, q = 1.
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Figure9.Edgecrack:convergenceratesin energy normfor homogeneoush-re�nementof meshesfrom familyCC
with p = q = 1 andp = 2, q = 1.

is the sameas that for problemswith smoothsolutions[33]. Therefore,in this case,the rate of
convergencein energy norm is b = 1=3f pg [33]. Thus,b = 1=3 � 0:333 for linear approximations
andb = 2=3 � 0:666 for quadraticapproximations.Theconstructionof sucha sequenceof meshes,
however, requiresa-posteriorierror indicators.In this section,we investigateanalternative approach
gearedtowards fracture mechanicsproblems.Sequencesof non-uniform mesheswere createdas
follows.

(i) Createmesheslocally re®nedaroundthecrackfront by successively bisectingall elementswith
thecrackfront at theirboundary. Themarked-edgealgorithm[35, 36] wasusedto selectelement
edgesfor bisection.In all discretizations,thecrackfrontsarelocatedattheboundaryof elements,
asdiscussedin Section2 andproposedin [21]. Threelevels of re®nementat the crack front
areusedin the computations:10, 15 and17. Thesere®nementsaredenoted,hereafter, by the
acronymsF10,F15andF17,respectively. Figure10showsmesh(CC;F15). Notethatsincethe
cracksurfaceis allowed to cut theelements,themeshre®nementcanbeperformedas if there
werenocracksin thedomain. Thisgreatlyfacilitatestheconstructionof stronglyre®nedmeshes
in the neighborhoodof crackfronts. In addition,the aspectratio of the elementsis not affect
by thepresenceof thecracksincetheir boundarydo not have to ®t thecracksurface.This is in
contrastwith theclassicalFEM.

(ii) Apply globalre®nementsto thenon-uniformmeshescreatedasdescribedabove.

We performedh-convergenceanalysison sequencesof non-uniformmeshesfrom all threefamilies
(EC, BC andCC). Theresultsarediscussedbelow.

The effect of the re®nementlevel at the crackfront is shown in Figures11 and12. In particular,
Figure11 reportsresultsfor mesheswith cracksurfacealongelementboundaries(BC discretizations)
while Figure12reportsresultsfor mesheswith crackcuttingtheelements(CC discretizations).Results
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Figure 10. Mesh with strong re�nement at the crack front: CC discretizationwith 15 levels of crack front
re�nement(meshCC;F15).
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Figure11.Edgecrack:convergenceratesfor globalh-re�nementappliedto locally re�ned meshes.Discretizations
with cracksurfacealongelementboundaries(BC) andp = q = 1 or p = q = 2.
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Figure12.Edgecrack:convergenceratesfor globalh-re�nementappliedto locally re�ned meshes.Discretizations
with cracksurfacecuttingelements(CC) andp = q = 1 or p = q = 2.
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Figure13. Edgecrack:convergenceratesfor global h-re�nementappliedto locally re�ned mesh(effect of the
approximationscheme).
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Figure14. Edgecrack:convergenceratesfor globalh-re�nementappliedto uniform andlocally re�ned meshes.
In both cases,the h-re�nement is appliedto meshesfrom families BC andCC with quadraticapproximation

(p = q = 2).

for EC discretizationsarenot reportedsincethey arethesameasthosefor theBC discretizations.In
all cases,global h-re®nementis appliedto locally re®nedmeshesbuilt asdescribedabove. It canbe
observed that the pre-asymptoticconvergenceratesincreasewith the re®nementlevel at the crack
front and approachthoseof a smoothproblem.The rate of convergencefor h-re®nementapplied
to the discretizations(p1q1;BC;F17) and (p1q1;CC;F17) are 0:309 and 0:298, respectively. The
ratio betweentheseratesand thosefor a problemwith a smoothsolution are 0:309=0:333= 0:93
and0:298=0:333= 0:90, respectively. The ratioswerecomputedusingonly the last two datapoints
in eachcurve. This performanceis similar to that reportedin [25, Sec.4] usingan approachbased
on enrichmentswith singularfunctionsover a ®xed area.The rateof convergencefor h-re®nement
appliedto thediscretizations(p2q2;BC;F17) and(p2q2;CC;F17) are0:457and0:483,respectively.
While they are,again,smallerthanthecaseof a problemwith smoothsolution,they areabout2:7 and
2:9 times,respectively, the rateof convergencefor h-re®nementappliedto uniform meshes.Higher
convergenceratescanbeobtainedby furtherre®ningthemeshnearthecrackfront.Anotherpossibility
is to usemeshesin which thesizeof theelementsdecreasesfastertowardsthesingularitythenin the
caseof themeshshown in Figure10 [33].

The optimal level of crack front re®nementdependson the target error level. Mesheswith
high level of crack front re®nement,F17 or higher, for example,are more effective for low error
targets.This is shown in Figures11 and12, speciallyfor the caseof quadraticdiscretizations.This
behavior is analogousto thatobservedin theclassical®nite elementmethod[33]. ThequadraticF10
discretizationsfrom both BC andCC familiesshow a signi®cantreductionin convergenceratewith
globalmeshre®nement,indicatingthatthesingularityalongthecrackfront is poorly resolvedby this
meshre®nementlevel. Of course,a-posteriorierrorindicators[37, 38] couldbeusedto drive themesh
re®nementprocessinsteadto a-priori selectingagivenlevel of crackfront re®nementasdonehere.
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Re�nement Doublenodes,EC Crackatelementboundaries,BC Crackcuttingelements,CC
level p = 1 p = 2 p = q = 1 p = 2, q = 1 p = q = 2 p = q = 1 p = q = 2
10 0.204 0.099 0.204 0.196 0.099 0.219 0.225
15 0.319 0.240 0.319 0.237 0.240 0.304 0.252
17 0.309 0.457 0.309 0.415 0.457 0.298 0.483
¥ 0.333 0.666 0.333 0.666 0.666 0.333 0.666

TableI. Asymptoticconvergenceratesfor h-re�nementon locally re�ned meshes.

Figure13 shows the effect of a different interpolationorderfor the continuousanddiscontinuous
componentof the displacement®eld as proposedby Stazi et al. [22]. We usedmesheswith the
crackalongelementboundaries(BC discretizations)with 15 levels of re®nementat the crackfront.
In this casethe p2q1 interpolationschemeperformsreasonablywell whencomparedto the caseof
homogeneoush-re®nementreportedin Figure9. We do however agreewith Labordeet al. [25, Sec.
3.4.3] in stressingthat the discontinuityof the displacement®eld along the crack surfacemust be
representedin a suf®ciently accurateway usingtheFEM basisaspartitionsof unity. This impliesthat
thecontinuousandthediscontinuouspartof thedisplacement®eldmustbecompatible;in otherwords,
they mustbeapproximatedwith thesameapproximationspace.

Figure14 comparestheperformanceof homogeneoush-re®nementappliedto uniform andlocally
re®nedmeshes.In both cases,the h-re®nementis appliedto meshesfrom familiesBC andCC with
quadraticapproximation(p = q = 2). It canbeobservedthattheasymptoticconvergenceratesfor both
familiesarevery close.However, for a givennumberof degreesof freedom,thediscretizationswith
cracksat elementboundaries(BC) deliversa smallererror thanthediscretizationswith crackscutting
the elements(CC). This behavior is morepronouncedin the pre-asymptoticrange[32] of the mesh
re®nementappliedto uniform meshes.ThedifferencebetweentheBC andCC familiesis small in the
caseof locally re®nedmeshesandessentiallydisappearwith meshre®nement.Aspreviouslydiscussed,
this supportstheargumentthat thedifferencebetweentheperformanceof two familiesmight bedue
to the locationof the crackfront with respectto elementboundaries.Figure14 alsoshows that, for
a givennumberof degreesof freedom,thegradeddiscretizationsdeliver anerror muchsmallerthan
thosefrom uniformdiscretizations.

TableI summarizestheconvergenceratesin energy normfor h-re®nementappliedto non-uniform
meshesfrom all discretizationsfamilies and different choicesof approximationorder. The rate
of convergencefor uniform h-re®nementis only 1/6 for this problem, regardlessof the order of
approximation.As thetableshows, locally re®nedmeshescandelivermuchhigherconvergencerates.
Discretizationswith linearapproximationsattainratesof convergencethatarevery closeto thosefor
problemswith smoothsolutions.Globalh-re®nementsappliedto non-uniformmeshesF15or F17,for
example,deliverratesthatarealmosttwiceaslargeasthosefor uniformmeshre®nement.Wecanalso
observethattheconvergenceratesfor quadraticapproximationsincreasesigni®cantlywith thelevel of
re®nementaroundthecrackfront approachingthosefor problemswith smoothsolutions.

P-enrichment on locally re�ned meshes In this section,we investigate the performanceof p-
enrichmenton non-uniformmeshes.Discretizationsfrom theCC, EC andBC familiesareconsidered
andpolynomialorder1 � p;q � 4.High-order®niteelementapproximationsonmeshesthatcanisolate
thesingularitycandeliver exponentialconvergencerates [32]. We investigatetheperformanceof the
proposedgeneralizedFEM on mesheswith 15 and17 levelsof re®nementat thecrackfront (F15 and
F17meshes).
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Figure 15. Edge crack: error convergencerates for p-enrichmenton locally re�ned meshes(effect of the
interpolationorder).

The convergencerate in the energy norm for p-enrichmentapplied to h-uniform meshesis, for
problemswith non-smoothsolutionsand with respectto numberof degreesof freedomin three
dimensions,b = 2=3l . For theedgecrackproblem,thesmoothnessparameterl = 0:5 andtherefore
b = 0:333.P-enrichmentappliedto a locally re®nedmesh,on theotherhand,candelivermuchhigher
convergencerates,dependingonhow well themeshcanisolatethesingularities[33].

We reportonly someof our resultsin Figure15. We show the convergenceratefor p-enrichment
appliedto mesheswith cutting crackCC with 15 and17 levels of crackfront re®nementandfor p-
enrichmentappliedto BC discretizations(cracklocatedatelementboundaries)with 17 levelsof crack
front re®nement.Theresultsfor meshwith explicit cracks(EC discretizations)arenot reportedsince
sincethey areexactly the sameasthosefor the BC discretizations.This, aspreviously discussed,is
expectedsinceEC andBC discretizationsleadto the sameapproximationspaces.The convergence
curvesshown in Figure15havetheshapeof aninvertedSwhich is typical for p-enrichmentappliedto
locally re®nedmeshes[33]. Theconvergenceratesinitially increaseswith thepolynomialenrichment
andlateron decreases,indicatingthat thesolutionis enteringtheasymptoticrange.All convergence
ratesshown in Figure15 are in generalat leasttwice as large as the caseof p-enrichmentapplied
to uniform meshes.The F17 meshesdeliver higher convergenceratesthan the F15, as expected,
sincethey canbetterisolatethesingularity. However, for a given numberof degreesof freedom,the
F15 meshesgive a smallererror for the the range of polynomialorders usedin the computations.
The situationmight reversefor higher polynomial orders.The highestrate shown in the ®gure is
0:832=0:333= 2:5 timesthe ratefor p-enrichmentappliedto uniform meshes.We canalsoobserve
thattheperformanceof theCC andBC discretizationsareveryclose.

A summaryof all theresultsfor theedgecracktestwith CC discretizationsis reportedin Figure16.
Theperformanceof h-re®nementappliedto uniform andlocally re®nedmeshesis comparedwith p-
enrichmentappliedto locally re®nedmeshes.It canbeobservedthat theoptimalstrategy in termsof
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Figure16.Edgecrack:summaryof convergenceratesof relativeenergy normerror(CC discretizations).

errorlevel for agivennumberof degreesof freedom,dependsonthetargeterror. P-enrichmentapplied
to locally re®nedmeshesis themosteffective strategy for errorlevelsbelow 30%.Worth notingis the
improvementastheapproximationorderis increasedfrom two to threeon theF17 mesh(curve with
asterisks).If this samemesh(F17 with p = q = 2) is insteadglobally re®nedandtheapproximation
orderkept constant(curve with ®lled circles), the improvementon the solution is lesspronounced.
In the ®rst case,the rateof convergenceis equalto 0.814while in the secondthe rateis 0.483.The
p-extension,in thiscase,deliversasmallererrorusingfewerdegreesof freedomthantheh-extension.

3.1.2. Triple joint crack We have performeda seriesof analyseson the triple joint crackproblem
shown in Figure4(b).For thisproblem,weconcentrateonp-extensionsappliedto non-uniformmeshes
sincethe edgecrackproblemshowed that this is the mosteffective strategy. The samepolynomial
orderfor thecontinuousanddiscontinuousshapefunctionis usedin all computations.Wealsoinclude
uniform h-re®nementresultsto have a baselinefor comparison.The resultsarevery similar to those
reportedpreviously for the edgecrackcase.In this example,we consideredonly discretizationsin
which thediscontinuitysurfacescut throughthe®nite elementsasshown in Figures5(b) and17.The
solutiononelementsinteractingwith thebranchedcracksurfaceis approximatedwith thegeneralized
FEM shapefunctionspresentedin Section2. Theselectionof discontinuousenrichmentfunctionsat
a node,if any, is donewith the aid of the algorithmdiscussedin 2.1. Figure18 shows nodeswith
discontinuousenrichmentfunctionsonuniformandnon-uniformmeshes.Thevalueof theexactstrain
energy for this problem,Uexact = 1:37178� 10� 4 lb.in, wasestimatedusingtheproceduredescribed
previously.

Homogeneoush-re�nements We ®rst employedhomogeneoush-re®nementsfor linear(p1q1) and
quadratic(p2q2) approximations.The curvescorrespondingto thesediscretizationsare indicatedas
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Figure 17. Mesh with strong re�nement at the crack fronts: CC discretizationwith 10 levels of crack front
re�nement(meshCC;F10).

“hom. h-ref p1q1” and“hom. h-ref p2q2” in Figure19,respectively. Theresultsreportedin the®gure
show thattheasymptoticconvergenceratein energy normfor h-re®nementis verycloseto 0:1666,like
in theedgecrackproblem.

P-enrichment on locally re�ned meshes The performanceof p-enrichmentson mesheslocally
re®nedat the crackfronts wasalso investigated.Mesheswith 10 and15 levels of re®nementat the
crackfronts,asshown in Figure17,wereemployed.Theresultsareshown in Figure19 togetherwith
thosefor theuniformmeshre®nement.Wecanobservethat,asin theedgecrackproblem,strongmesh
re®nementsat thecrackfrontsareableto isolatethesingularitiesanddeliver high convergencerates
in the pre-asymptoticrange.The reductionin convergenceratewith p-enrichmentindicatesthat the
solutionis enteringthe asymptoticrange.This behavior is typical of p-extensionson locally re®ned
meshes[32]. Strongerre®nementat thecrackfrontswoulddelaythisbehavior. TheF15meshdelivers
higherconvergenceratesthan the F10 mesh,asexpected.However, for a given numberof degrees
of freedom,the F10 meshdeliversa smallererror thanthe F15 mesh.The behavior is probablythe
oppositefor lower error levels(notetheintersectionof thetwo curvesin Figure19).Like in theedge
crackproblem,we canobserve thatit is notpracticalto achieveerrorlevelsbelow 10%usinguniform
meshre®nement.P-extensionson locally re®nedmeshesarequiteeffective for this classof problems.
Figure20 shows thevon Misesstressdistribution computedon themeshwith 15 levelsof crackfront
re®nementandp = q = 3. Thepresenceof singularitiesat thecrackfrontscanbeclearlyobserved.

3.2. Multi-branched crack

The �e xibility and generalityof the proposedapproachcan be appreciatedby consideringa more
challengingproblemlike the oneshown in Figure21. The (21 in � 21 in � 1 in) three-dimensional
platewith a multi-brancheddiscontinuityis loadedby a unit tension.Theplatematerialobeys linear
elasticitywith Young's modulusequalto 2� 105 psi andPoisson's ratio equalto 0:3. Thevalueof the
exactstrainenergy, Uexact = 0:382226lb.in, wasestimatedusingtheprocedurebasedon a-priori error
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Figure18. Nodeswith a solid spherehave continuous,Ãf ja (x ) = j a (x )L ja (x ), anddiscontinuous,Äf ia j (x ) =
j a (x )H i (x )L ja (x ), GFEM shapefunctions.All other nodeshave continuousGFEM shapefunctionsonly.

MeshesCC;F0 (left) andCC;F10(right).
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Figure19.Triple-joint crack:summaryof convergenceratesof relativeenergy normerror(CC discretizations).
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Figure20.VonMisesstressdistributioncomputedonmeshCC;F15andp = q = 3.

Figure21.Multi-branchedcrackproblem(left) with 10 levelsof meshre�nementat crackfronts(right).
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Figure22. Nodeswith a solid spherehave continuous,Ãf ja (x ) = j a (x )L ja (x ), anddiscontinuous,Äf ia j (x ) =
j a (x )H i (x )L ja (x ), GFEMshapefunctions.All othernodeshavecontinuousGFEMshapefunctionsonly. Mesh

CC;F0.

estimates.
Like in thepreviousproblem,weconsideredonly discretizationsfrom theCC family with 5, 10and

15 levelsof meshre®nementat thecrackfronts (CC F5, F10 andF15 meshes).Theconstructionof
thelocalre®nementscanbedonefully automaticallyusingthelocationof thecrackfronts.All theuser
needsto provide is the level of re®nementusedat the crackfronts.Figure21 shows meshesCC F0
andCC F10. Figure22 shows thenodesof meshCC F0 enrichedwith discontinuousfunctions.The
algorithmdiscussedin Section2.1,wasusedto selectthediscontinuousenrichmentsfunctionsusedat
eachnode.

Figure23 shows the actual tcl [39] codeusedto solve the multi-branchedcrackproblemon the
discretizationCC F10, p = q = 3. Thecodeincludesall stepsin theanalysis:

1. Loading of ®le with GFEM model de®nition. This includesnodes,elements,material and
boundaryconditions;

2. Loadingof branchedcrackedgeometry;
3. Localre®nementof elementsaroundeachoneof thesevencrackfronts,i.e.,thecreationof mesh

CC F10;
4. Creationof discontinuousenrichmentfunctionsbasedon thebranchedcrackgeometry;
5. Assignmentof continuousanddiscontinuousenrichmentfunctionsto nodes;
6. Solutionof theproblem;
7. Computationof strainenergy.

No userinterventionis requiredto performtheanalysis,regardlessof thecomplexity of thebranched
cracksurface.This allows the solutionof a large numberof problemsandis ideal, for example,for
parametricstudies.
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# read model: Nodes, elements, material, boundary conditions, etc.
readFile complexBranchedCrack.grf phfile

# create a linear analysis object
createAnalysis linear

# read branched crack definition and create a crack manager object
crackManager create crackMgID 2 crackFile "complexBranchedCrack.crf "

# Refine elements that intersect the crack fronts
set nref 10
for {set iref 0} {$iref < $nref} {incr iref} {

crackManager refineProbMesh crackMgID 2 crackFronts
}

# create step functions and assign them to nodes
crackManager process crackMgID 2

# resulting p-order of approximation
set p 3

# Enrich nodes with continuous and discontinuous functions
enrichApprox all iso approxOrder $p

# Assemble left and right hand side
assemble

# solve linear problem
solve

# compute strain energy
work
exit

Figure23.Actual tcl codeusedto solvethemulti-branchedcrackproblemonthediscretizationCC F10 p= q= 3.

P-enrichmenton locally re�ned meshes Thep-versionof theGFEMwasusedtosolvethisproblem.
Mesheswith different levels of re®nementat the crack fronts were used.Figure 24 reports the
convergenceratesin energy norm.As in thepreviousexamples,theconvergenceratesincreaseswith
the level of re®nementat the fronts. This indicatesthat the local re®nementsareable to isolatethe
singularitiesand extend the pre-asymptoticrangeof the curves.The meshwith ten levels of crack
front re®nement(F10) is themosteffective for errorslevelsbelow 20%.This is similar to the triple-
joint problem.For error levelsbelow 5%,mesheswith higherlevelsof front re®nementmaybemore
effective.
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p = q = 1;2;CC;F15
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Figure24.Multi-branchedcrack:p-enrichmenton locally re�ned meshes.

4. SUMMARY AND CONCLUDING REMARKS
This paperpresentsa generalized®nite elementmethodfor through-the-thicknessthree-dimensional
branchedcracks in which the crack topology is representedindependentlyfrom the background
®nite elementmesh.The methodis a high-orderextensionto three-dimensionalbranchedcracksof
the enrichmentproceduredescribedin [6] for two-dimensionalpolycrystallinestructures.Although
thenumericalexamplesreportedin Section3 involvesthrough-the-thicknesscracks,the formulation
presentedin Section2 is valid for generalthree-dimensionalproblems.Further, cohesive or frictional
contactlaws [21, 40–52] canbe easily incorporatedby appropriatemodi®cationsof the formulation
reportedin [6, Sec.5.2].

The proposedapproach,basedon p-enrichmentof locally re®ned meshes,is gearedtowards
simplicity and generality. Analytical expressionsof near-front ®elds are not used.The approachis
thereforesuited to generallinear and non-linearanalysesand doesnot requirespecialintegration
strategies for singular functions.An alternative approachfor single cracksin two-dimensionswas
proposedby Labordeetal. [25] andBechetetal. [27]. In theirapproach,singularenrichmentfunctions
are usedat all ®nite elementnodeswithin a prescribeddistancefrom a crack tip. The size of the
enrichmentzoneis kept®xed asthebackgroundmeshis re®nedby enrichingadditionalnodes.This
strategy is restrictedto situationsin whichanalyticalexpressionsof near-front ®eldsareavailable.

A numberof importantconclusionscanbedrawn asaresultof thenumericalanalyses.Our®ndings
demonstratethatcrackfront enrichmentfunctionsarenotmandatoryto achieving accurateresultsand
high convergencerates.Instead,the combinationof local re®nementat crack fronts andhigh-order
continuousanddiscontinuousenrichmentsprovesto be an excellentcombinationwhich candeliver
convergenceratescloseto thatof problemswith smoothsolutions,speciallyfor linearapproximations
(seeTable I). It is worth noting herethat local meshre®nementis greatlysimpli®ed sinceelement

[HpBranched– December28,2006]



26of 29 C.A. DUARTE, L.G. RENO,A. SIMONE

boundariesneednot to be alignedto cracksurfaces.The meshingstageis thereforetruly automatic,
with noneedfor userintervention(seeFigure23).

Anotherimportantoutcomeof our analysesis thatthesameorderof approximationshouldbeused
for the continuousanddiscontinuouspart of the displacement®eld – a similar remarkwasmadeby
Labordeetal. [25, Sec.3.4.3]with respectto theapproximationschemeproposedby Staziet al. [22].

As a ®nal remark,it bearsmentioningthat a-posteriorierror indicators[37, 38] could be usedto
drive themeshre®nementprocessinsteadto a-priori selectinga given level of crackfront re®nement
asdonein thiswork.
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