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RÉSUMÉ.

ABSTRACT.Prediction and simulation of load-related re�ective cracking in air �eld pavements
require three-dimensional models in order to accurately capture the effects of gear loads on
crack initiation and propagation. In this paper, we demonstrate that the Generalized Finite
Element Method (GFEM) enables the analysis of re�ective cracking in a three-dimensional set-
ting while requiring signi�cantly less user intervention in model preparation than the standard
FEM. As such, it provides support for the development of mechanistic-based design procedures
for air�eld overlays that are resistant to re�ective cracking.
Two gear loading positions of a Boeing 777 aircraft are considered in this study. The numerical
simulations show that re�ective cracks in air�eld pavements are subjected to mixed mode be-
havior with all three modes present. They also demonstrate that under some loading conditions,
the cracks exhibit signi�cant channeling.
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1. Introduction

Very often, asphalt overlays are used to restore smoothness, structure, and water-
proo�ng bene�ts to existing air�eld pavements. However, the controlling factor for
overlay lifespan is often re�ective cracking in the new overlay caused by stress con-
centrations in the vicinity of joints and cracks in the underlying pavement. Re�ective
cracking can lead to roughness, spalling, and moisture in�ltration at joints and cracks,
which can greatly reduce the life expectancy of the overlay.Advanced spalling can
also signi�cantly increase FOD potential.

Historically, re�ective cracking is thought to be driven byboth thermal (non-load
associated) and mechanical gear loading (load associated)forces [BOZ 02, KIM 02].
Tools are now available to aid the designer in the selection of an appropriate asphalt
binder and mixture to resist thermally induced cracking. This includes both thermal
(top-down) cracking [AAS09b, AAS09a], and thermally induced re�ective cracking,
or bottom-up cracks, emanating from the vicinity of cracks and joints in the under-
lying pavement [DAV 10]. However, recent research has indicated that the successful
prediction and ability to design against re�ective cracking lies in the ability to under-
stand and account for load-related re�ective cracking mechanisms [BAE 08, DAV 07].
Load-related re�ective cracking mechanisms are more dif�cult to predict through
modeling and simulation, as it is necessary to study this phenomenon in three dimen-
sions (3-D) in order to accurately capture the effects of gear loads on crack initiation
and propagation. Previous research has also demonstrated the need to directly account
for the presence and propagation of cracks, in order to avoidmesh dependent numeri-
cal results. In a 3-D setting, this means that all modes of cracking must be considered,
i.e., Mode I (opening), Mode II (shearing), and Mode III (tearing). The need for true
3-D modeling of re�ective cracking complicates the development of computational
models using standard �nite element methods. The Generalized or Extended Finite
Element Method [BAB 94, BAB 97, ODE 98, DUA 00, MÕ99, SUK 00, MÕ02] adds
�exibility to the FEM while retaining its attractive features. A brief review of the
Generalized FEM (GFEM) is presented in Section 3.

In this paper, we demonstrate that theGFEM enables the analysis of re�ective
cracking in a 3-D setting while requiring signi�cantly lessuser intervention in model
preparation. As such, it provides support for the development of mechanistic based
design procedures for air�eld overlays that are resistant to re�ective cracking.

2. Formulation of Problem

In this paper, we analyze three dimensional re�ective cracks assuming linear elas-
tic isotropic material behavior. This section presents thestrong and week formulations
for this class of problem. The solution methodology based onthe Generalized FEM
(cf. Section 3) is, however, applicable to other material models, such as visco-elastic
or visco-plastic behavior.
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2.1. Equilibrium Equations

Consider a three-dimensional domainWwith boundary¶Wdecomposed as¶W=
¶Wu [ ¶Ws with ¶Wu \ ¶Ws = /0. The domain geometry is arbitrary and may have
cracks. The equilibrium equations, constitutive and kinematic relations are given by

5 � sss + bbb = 000 in W (1)

sss = CCC : eee

eee = 5 suuu

wheresss is the Cauchy stress tensor,bbb are body forces,eee is the linear strain tensor,5 s
is the symmetric part of the gradient operator andCCC is the Hooke's tensor. The material
properties are assumed constant within each layer of the pavement (cf. Figure 7).

The boundary conditions prescribed in¶Ware as follows

uuu = ūuu on¶Wu

sss � nnn = t̄tt on¶Ws

wherennn is an outward unit normal vector on¶Wandūuu andt̄tt are prescribed displace-
ments and tractions, respectively.

2.2. Weak Form

The Principle of Virtual Work for the problem described above is given by

Find uuu 2 H1(W) such that8 vvv 2 H1(W)
Z

W
sss (uuu) : eee(vvv)dxxx+ h

Z

¶Wu
uuu� vvvdsss=

Z

¶Ws
t̄tt � vvvdsss+ h

Z

¶Wu
ūuu� vvvdsss (2)

whereH1(W) is a Hilbert space de�ned onW andh is a penalty parameter. We use
the penalty method to impose displacement boundary conditions due to its simplicity
and generality. The computation of an approximationuuuh of the solutionuuu using the
Generalized FEM is described in the next section.

3. The Generalized Finite Element Method

The Generalized FEM can be regarded as a �nite element methodwith shape func-
tions built using the concept of a partition of unity. This method has its origins in the
works of Babuška et al. [BAB 94, BAB 97, MEL 96] (under the names “special �nite
element methods”, “generalized �nite element method” and “�nite element partition
of unity method”) and Duarte and Oden [DUA 95, DUA 96b, DUA 96c, DUA 96a,
ODE 98] (under the names “hpclouds" and "cloud-basedhp �nite element method”).
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Several meshfree methods proposed in recent years can also be viewed as special
cases of the partition of unity method. Details on the mathematical formulation of the
GFEM can be found in, e.g., [MEL 96, BAB 97, DUA 00, ODE 98, STR 01]. In this
section, we summarize the main concepts of the method.

The linear �nite element shape functionsj a ; a = 1; : : : ;N, in a �nite element
mesh withN nodes constitute a partition of unity, i.e.,

N

å
a = 1

j a (xxx) = 1

for all xxx in a domainWcovered by the �nite element mesh. This is a key property used
in partition of unity methods and, in particular, in theGFEM.

A GFEM shape functionf a i is built from the product of a FE shape functionj a
and an enrichment functionLa i

f a i(xxx) = j a (xxx)La i(xxx) (no summation ona ); (3)

wherea is a node in the �nite element mesh. Figure 1 illustrates the construction of
GFEM shape functions.

�

L�

�

� i
�

�

Figure 1. Computation of aGFEMshape function (bottom surface). The �nite element
shape functionj a is shown at the top, while the enrichment function La i is shown as
the middle surface. The resulting function at the bottom,f a i is the generalized FE
shape function.

This procedure allows the construction of shape functions which can approximate
well the solution of a problem. Features such as discontinuities or material interfaces
are represented by a judicious choice of enrichment functionsLa i(xxx), instead of �nite
element meshes with element faces �tting them.
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Several enrichment functions can be hierarchically added to any nodea in a �nite
element mesh. Thus, ifDL is the number of enrichment functions at nodea , the GFEM
approximation,uuuh, of a functionuuu can be written as

uuuh(xxx) =
N

å
a = 1

DL

å
i= 1

uuua i f a i(xxx) =
N

å
a = 1

DL

å
i= 1

uuua i j a (xxx)La i(xxx)

=
N

å
a = 1

j a (xxx)
DL

å
i= 1

uuua iLa i(xxx) =
N

å
a = 1

j a (xxx)uuuh
a (xxx)

where uuua i ; a = 1; : : : ;N; i = 1; : : : ;DL, are nodal degrees of freedom anduuuh
a (xxx) is

a local approximation ofuuu de�ned on wa = f xxx 2 W: j a (xxx) 6= 0g, the support of
the partition of unity functionj a . In the case of a �nite element partition of unity, the
supportwa (often called a cloud or a patch) is given by the union of the �nite elements
sharing a vertex nodexxxa [DUA 00]. The GFEM approximationuuuh is the solution of
the following problem

Find uuuh 2 XXXh(W) � H1(W) such that,8 vvvh 2 XXXh(W)
Z

W
sss (uuuh) : eee(vvvh)dxxx+ h

Z

¶Wu
uuuh � vvvhdsss=

Z

¶Ws
h̄hh� vvvhdsss+ h

Z

¶Wu
ūuu� vvvhdsss (4)

where,XXXh(W) is a subspace ofH1(W) generated by the GFEM shape functions de�ned
in (3).

The local approximationsuuuh
a ; a = 1; : : : ;N, belong to local spacesca (wa ) =

spanf Lia gDL
i= 1 de�ned on the supportswa ; a = 1; : : : ;N. The selection of the enrich-

ment or basis functions for a particular local spaceca (wa ) depends on the local be-
havior of the functionuuu over the cloudwa . The case of 3-D fractures is discussed
below.

3.1. Enrichment functions for 3-D cracks

In this section, enrichment functions for 3-D cracks are brie�y described. Further
details can be found in [PER 09a]. Three types of enrichment functions are consid-
ered :

(i) Enrichment for cloudswa that do not intersect the crack surface.

In this case, the elasticity solutionuuu is continuous and can be approximated by
polynomial functions. Our implementation follows [ODE 98,DUA 00] and the en-
richments functionsf La ig

DL
i= 1 for a cloud associated with nodexxxa = ( xa ;ya ;za ) is

given by

f La ig
DL
i= 1 =

�
1;

(x� xa )
ha

;
(y� ya )

ha
;
(z� za )

ha
;
(x� xa )2

h2
a

;
(y� ya )2

h2
a

; : : :
�

(5)

with ha being a scaling factor [ODE 98, DUA 00].
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(ii) Enrichment for clouds completely cut by the crack surface.

In this case, the crack surface divideswa into two sub-domains,w+
a andw�

a such
thatwa = w+

a [ w�
a . The enrichments functions are taken as

f La ig
DL
i= 1 =

�
H ;H

(x� xa )
ha

;H
(y� ya )

ha
;H

(z� za )
ha

;H
(x� xa )2

h2
a

;H
(y� ya )2

h2
a

; : : :
�

(6)
where the functionH (xxx) denotes a discontinuous function de�ned by

H (xxx) =
�

1 if xxx 2 w+
a

0 otherwise
(7)

These discontinuous functions can approximate discontinuities of the elasticity
solutionuuu insidea �nite element.

(iii) Enrichment for clouds that intersect the crack front.

Terms from the asymptotic expansion of the elasticity solution near crack fronts
are used as enrichment functions in clouds that intersect the crack front. Their de-
scription is more elaborated than the previous ones and we refer the interested reader
to references [PER 09a, DUA 00, DUA 01].

With the above enrichments, the �nite element mesh is not required to �t crack
surfaces since the discontinuities and singularities are approximated by the enrichment
functions, not the FEM mesh. This is in contrast with the FEM and greatly facilitate
the solution of fracture mechanics problems in complex 3-D domains such as those
found in air�eld pavements. This feature of the GFEM is illustrated in Figures 2 and
11.



3-D Analysis of Re�ective Cracks 7

Figure 2. Three-dimensional crack in a pavement. The crack can be inserted into an
existing �nite element mesh without requiring modi�cations on the FE mesh originally
designed to represent an uncracked pavement. The crack is approximated by discon-
tinuous enrichment functions, not the FEM mesh.
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4. Inclined elliptical crack

This example is aimed at verifying theGFEM methodology in a mixed mode frac-
ture case. The problem consists of an inclined elliptical crack of dimensionsa=c =
9=15 embedded in a cube of edge sizeb, as illustrated in Figure 3. In order to reduce
the �nite domain effect on the solution, the relationc=b = 3=40 is set. The Young's
modulus used in this example isE = 1:0 while the Poisson's ratio is set ton = 0:25.
The crack surface has an inclinationa = 30� with respect to the horizontal axis. The
domain is subjected to a uniform tensile tractions � = 1 in the vertical direction. Figure
3 shows the model and the initial coarse mesh used in this example. In the discretiza-
tion of the solution, localized mesh re�nement on elements that intersect the crack
front is applied along with nodal enrichments. Polynomial enrichment of orderp = 3
(cf. Eq. (5)) is applied over the entire domain , discontinuous step function enrichment
(cf. Eq. (6)) is applied at the nodes of the elements that are cut by the crack surface
and the asymptotic solution enrichment is used at elements cut by the crack front. The
ratio of the element size,L, to crack length,a, for elements along the crack front is
0:054< L=a < 0:088 after the mesh re�nement is applied.

The stress intensity factors for modesI , II , andIII of an inclined elliptical crack
embedded in an in�nite domain are used as references. These SIFs are given by
[TAD 00]

K inf.
I =

s � sin2 g
p

pa
E(k)

�
sin2q +

� a
c

� 2
cos2q

� 1
4

K inf.
II = �

s � singcosg
p

pak2

�
sin2q +

� a
c

� 2
cos2q

� 1
4

�
k0

B
cosw cosq +

1
C

sinw sinq
�

K inf.
III =

s � singcosg
p

pa(1� n)k2

�
sin2q +

� a
c

� 2
cos2 q

� 1
4

�
1
B

cosw sinq �
k0

C
sinw cosq

�

whereB, C, K(k) andE(k) are de�ned as

B = ( k2 � n)E(k) + nk0K(k); C = ( k2 � nk02)E(k) � nk02K(k);

K(k) =
Z p

2

0

dj
q

1� k2sin2 j
; E(k) =

Rp
2

0

q
1� k2sin2 j dj ;

andk2 = 1� k02, k0= a=c andq is a parametric angle representing a pointA on the
crack front (cf. Figure 3). For the example solved in this section, g = p=2� a = p=3
andw = 0.

The extracted stress intensity factors for modeI , II , and III using theGFEM
methodology are presented in Figure 4. These results are compared with the analytical
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Figure 3. Cube subjected to top and bottom uniform tensile tractions and representa-
tion of inclined elliptical crack.
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Figure 4. Stress intensity factors for modes I, II, and III.
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solution for an in�nite domain and excellent agreement can be observed between the
two solutions for all three modes.

5. Analysis of Re�ective Cracks in Air�eld Pavements

Since the purpose of this study is to analyze rather than design a typical pavement
section of an airport that serves the Boeing 777 aircraft wasselected to be modeled.
The model geometry and pavement cross sections for the underlying PCC are arbitrar-
ily selected as the standard section of runway 4L-22R at O'Hare Airport.

A three-dimensional �nite element mesh was created to represent the airport pave-
ment and its layers. Also, a two-dimensional �nite element mesh was created to rep-
resent the geometry of the crack surface. By modeling the 3-Dpavement mesh and in-
serting the 2-D crack surface mesh just above the concrete joint, a re�ective cracking
study in asphalt overlay was performed with The GeneralizedFinite Element Method
described in the previous section. Modes I, II and III stressintensity factors are com-
puted along the crack front in order to investigate the three-dimensional, mixed mode
crack driving mechanisms in a typical air�eld pavement.

5.1. Model Geometry

The pavement model encompasses half of two adjacent slabs and one PCC joint as
illustrated by the shaded region in Figure 5. The simulated air�eld pavement is com-
posed of an 20 cm asphalt overlay ; 23 cm concrete slabs, each with plan dimensions
of 6 m � 5.7 m (PCC), and ; an 28 cm cement treated base (CTB). A saw cut of 13
mm width is modeled in the PCC layer.

The dimensions of the crack surface are 2.54 cm of hight and 5 cm of depth. The
curved portion of the crack has a radius of 2.54 cm and starts and the midpoint of its
depth. Figure 6 shows the geometry of the crack surface.

5.7 m

6 m6 m

Figure 5. Air�eld pavement analyzed. The shaded square represents the portion of
pavement modeled in this study.
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S = 0

2.54 cm

S = 1S = 1
5.0 cm

Figure 6. Re�ective crack geometry details.

5.2. Material Properties

All layers are assumed to have elastic material properties for the purpose of sim-
plifying preliminary modeling. The asphalt overlay modulus of elasticity was taken as
1,379 MPa, with a Poisson's ratio of 0.35. The concrete slabswere assumed to have
a Young's modulus of 27,579 MPa, while the CTB modulus was taken as 6,895 MPa.
The Poisson's ratio for the concrete slabs and the CTB layer were assumed to be 0.15
and 0.20, respectively. Figure 7 show details of the pavement considered.

Furthermore, the interface between asphalt overlay and Portland cement concrete
layer was assumed to be fully bounded.

20 cmAC Overlay  AC = 0.35 EAC = 1,379 MPa

PCC

E = 6 895Mpa  = 0 20Subbase

23 cm

28 cm

13 mmEPCC= 27,579 MPa
 PCC= 0.15 

ESubbase= 6,895Mpa  = 0.20Subbase 28cm

Figure 7. Material properties and details of a standard section of runway 4L-22R at
O'Hare Airport.

5.3. Loading Details

The Boeing 777-200 aircraft has two main landing gears with amain gear width
of 11 m. Due to the very large width of the gear, we assume here that the distance be-
tween gears is large enough such that interactions may be neglected for the purposes
of studying the mixed mode behavior and 3-D responses. One side of the dual-tridem
main gear carries about the 47.5% of the gross taxiway weight(288 Ton) of the Boe-
ing 777-200 aircraft, and is composed of six wheels with an individual contact tire
pressure of 1,482 MPa [ADM 95]. Details are shown in Figure 8.



12 Road Materials and Pavement Design. Volume X - n� X/2009

B 777-200

144 cm 144 cm

140 cm

34 6 cm

55.4 cm

34.6 cm

Figure 8. Boeing 777-200 aircraft wheel loading detail.

Two gear loading positions of the aircraft are considered inthis study as shown in
Figure 9. Load Position A (Cf. Figure 9(a)) loads the pavement symmetrically with
respect to the PCC joint, while Position B leads to strong shear deformations at the
PCC joint. These loading con�gurations are expected to showdifferent fracture defor-
mation modes and provide information about possible crack growth mechanisms.

(a) Load position A and corresponding de-
formed con�guration at the PCC joint.

(b) Load position B and corresponding de-
formed con�guration at the PCC joint.

Figure 9. Gear load positions considered in this study. Position A loads the pavement
symmetrically with respect to the PCC joint while Position Bleads to strong shear
deformations at the PCC joint.
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5.4. Finite Element Mesh Details

A relatively coarse 3-D meshwithout any crack discretizationwas created using
the software program Patran [PAT ]. Thus, �nite element meshes with element faces
�tting the crack surface are not needed. This greatly simpli�es the construction of 3-D
meshes, enabling, for example, parametric studies and simulations of crack growth.
Furthermore, the generation of elements with good aspect ratios is also facilitated.
Smaller elements were created around the PCC joint and locations where wheel loads
are applied, as shown in Figures 10(a) and 10(b), respectively.

Two-dimensional triangular elements are used to representthe geometry of the
crack surface as illustrated in Figure 6. These elements arealso used to de�ne dis-
continuous enrichment functions, which are able to represent the solution inside ele-
ments cut by the crack surface. Details on these functions are described in [PER 09a,
PER 09b, DUA 01]. The 2-D elements do not have any degrees of freedom. Further-
more, the crack triangulation is completely independent ofthe 3-D mesh.

(a) Tetrahedral mesh around PCC
joint.

(b) Discretization around locations
where wheel loads are applied.

Figure 10. Details of discretization used in theGFEMmodel.

5.5. GFEM Procedure

In order to perform a three-dimensional analysis of re�ective cracking in a air�eld
pavements ; the 3-D FEM model loaded with one main gear of a Boeing 777 aircraft
is simulated using the Generalized Finite Element Method. Are�ective crack is in-
serted at the bottom of the asphalt overlay for the purpose ofthe stress intensity factor
and the energy release rate investigation. The �nite element generated in Patran was
loaded into aGFEM code developed at the University of Illinois. The mesh was then
automatically re�ned around the crack front in order to obtain accurate stress inten-
sity factors. The ratio of characteristic element size to crack radius,Le=a, along the
crack front was 0:004� Le=a � 0:1. Even though this ratio may seem large compared
to what is normally used in �nite element models for 3-D cracks, theGFEM is able
to deliver accurate solutions due to the analytical enrichments used at nodes near the
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crack front. Third and fourth order polynomial shape functions were also used to ap-
proximate the continuous part of the solution [PER 09a, PER 09b]. Figure 11 shows
the resulting tetrahedral mesh used in the model along with adetailed view in at the
location where the crack was inserted. Extraction of stressintensity factors was per-
formed using the Cut-off Function Method (CFM) [SZA 88, PER 05]. Extraction was
performed for the opening mode (Mode I), shearing mode (ModeII) and tearing mode
(mode III) stress intensity factors.

PCC

Sub-Base

Joint

Crack

(a)

(b) (c) (d)

AC

Figure 11. Modeling of a 3-D re�ective crack with the Generalized FEM. The crack is
modeled using discontinuous and singularGFEM shape functions, instead of a �nite
element mesh with element faces oriented with the crack. (a)3-D mesh without crack.
(b) and (c) Details of mesh in vicinity of joint. (d) Re�ective crack inserted into existing
uncracked FE mesh.
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5.6. Analysis of Results

Figures 12 and 13 show the stress intensity factors (SIFs) and energy release rate
(J), respectively, along the crack front for load position A. We can observe that this is
clearly a mode I dominated case and thatKI andJ vary signi�cantly along the crack
front reaching a maximum value ats = 1, wheres is a non-dimensional coordinate
along the crack front. This demonstrates that, under this loading, the crack will grow
faster ats = 1 than ats = 0 and thus it will exhibit signi�cant channeling behavior.
The non-zeroKII andKIII shown in Figure 12 are caused by the fact that the crack
was inserted above the right hand side of the PCC joint, as illustrated in Figure 9(a).
Furthermore, the tetrahedral mesh is highly unstructured and thus the loads applied on
element faces are not symmetrical with respect to the centerline of the PCC joint (the
plane of symmetry). The values ofKII andKIII are also considered for the computation
of the energy release rate (J) even thought their contributions are very small compared
to the contribution of mode I.

0.1

0.2

0.3

0.4

0.5

0.6

0.7

S
IF

 (
M

P
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m
^1

/2
)

K_I

K_II

K_III

2.54 cm

S = 1

S = 0

-0.2

-0.1

0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

s

Figure 12. Stress Intensity Factors (SIFs) along crack front for load position A.

Figures 14 and 15 show the same results as above but for load position B. The
distribution of SIFs along the crack front is signi�cantly different from that of load
position A. We can observe an interplay between Mode II and Mode III behavior. At
s = 0 Mode II dominates while ats = 1 Mode III dominates and Mode II is close
to zero. Figure 15 shows the energy release rate contributions fromKII , the shearing
mode, andKIII , the tearing mode. We can observe that as theKII contribution goes
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0.08

0 06

0.07

2.54 cm

S = 0

0.05

0.06

S = 1

0.03

0.04J

0.02

J

0

0.01

0 0 1 0 2 0 3 0 4 0 5 0 6 0 7 0 8 0 9 10 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

s

Figure 13. Energy contributions from each mode for load position A.

to zero ass increases,KIII contribution increases. Thus, ats= 0 the crack will grow
by shear action while ats= 1 it will need to tear the material in order to grow. This
decrease in values forKII and increase forKIII , is due to the fact that the crack front
changes direction. It starts as a horizontal line in the YZ plane but it curves and be-
comes almost a vertical line in the same plane. If the crack front were to stay in the
horizontal directionKII would remain being the dominate case in this example.
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Figure 14. Stress Intensity Factors (SIFs) along crack front for load position B.
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Figure 15. Energy contributions from 3 Modes for load position B.
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6. Conclusions

From the analysis presented herein, it is clear that re�ective cracks in air�eld pave-
ments are subjected to mixed mode behavior with all three modes present and thus,
realistic simulations must be performed in three-dimensions. Such 3D analyzes can be
used to determine if the crack will propagate towards the pavement surface or across
the pavement, in a channeling orientation. This information may aid in the design of
preventive measures against re�ective crack growth and in the determination of critical
parameters controlling their propagation. Three-dimensional simulations are also able
to model the actual load distributions based on aircraft gear without the introduction
of two-dimensional simpli�cations (calibration factors).

The mixed mode behavior demonstrated in this study will leadto non-planar crack
growth which makes the simulation of this class of problems quite challenging for
standard �nite element methods. The generalized �nite element removes some of the
barriers faced by the FEM while retaining its attractive features. The simulation of
three-dimensional crack growth in air�eld pavements is currently the subject of our
on-going research.
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